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ABSTRACT 
This research analysed the steady-state free convection flow of a nanofluid in a vertical channel analytically. The 

nanofluid model used here include the effects of Brownian diffusion and thermophoresis. The solutions for the 

velocity, temperature and nanoparticle concentration profiles were obtained analytically using separation of variables 

and integral techniques. Nusselt and Sherwood numbers at the left wall of the channel were determined and discussed 

in detail. It is observed that the velocity decreases at the hot wall and increases at the cold wall due to increasing 

Prandtl number parameter. The same behaviour is noticed in the case of the buoyancy ratio, Grashof number, 

thermophoresis, and Brownian motion parameters. Furthermore, a numerical solution is also obtained and compared 

with the analytical solution. 

Keywords: steady-state, free convection, flow, nanofluid, vertical channel 

NOMENCLATURE 

𝐶𝑖 , 𝑖 = 1 − 7 = constats 

𝑐 = nanofluid specific heat 

𝑇 = nanofluid temperature 

𝒒 = energy flux 

𝑣 = nanofluid velocity 
𝑐𝑝 = nanoparticle specific heat 

𝐷𝐵 = Brownian diffusion coefficient 

𝜌𝑝 = mass density of the nanoparticles 

 𝐷𝑇 = thermal diffusion coefficient 

∇∅ = gradient of ∅ 

𝑇0 = reference temperature 

𝐶0
= reference nanoparticle volume fraction concentration 

𝜌𝑓 = fluid density 

(𝜌𝑐)𝑓 = heat capacity of fluid 

(𝜌𝑐)𝑝
= effective heat capacity of nanoparticle material 

𝐺𝑟 = Grashoff Number 

𝑁𝑡 = Thermophoresis parameter Number 

𝑁𝑏 = Brownian motion Number 

𝑁𝑢 = Nusselt Number 

𝑝𝑟 = Prandtl Number 

𝑝 = Pressure 

𝑢,v = velocity components in the x and y directions 

𝑥, 𝑦 = cartesian coordinates 

GREEK SYMBOLS 

𝛼 = pressure gradient 

𝛽 = thermal expansion coefficient 

𝜌 = density 

𝜇 = dynamic viscosity 

𝑣 = kinematic viscosity 

𝜃 = dimensionless temperature 

∅ = rescaled nanoparticle volume fraction 

 

 

 

 

 

 

 

 

 

 

 

1.0 INTRODUCTION 

When it comes to heat transfer, fluids like: water, 

ethylene glycol, and engine oil are commonly used, but 

they have a major drawback: their low thermal 

conductivity limits how effectively they can transfer heat. 

Solids, however, tend to conduct heat much better. This 

realization sparked interest in using solid particles at the 

nanoscale, leading to the development of nanofluids—a 

mix of tiny nanoparticles (1–100 nm) suspended in a base 

fluid. The term "nanofluid" was first introduced by Choi 

(1995) to describe these specially designed colloids. 

Buongiorno (2006) took a closer look at how heat moves 

in nanofluids, identifying seven mechanisms that could 

cause nanoparticles to move differently from the base 

fluid: inertia, Brownian diffusion, thermophoresis, 

diffusiophoresis, Magnus effect, fluid drainage, and 

gravity. Out of these, Brownian diffusion and 

thermophoresis turned out to be the most important. 
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 Buongiorno created a model to explain how mass, 

momentum, thermal energy, and nanoparticle 

concentration behave in nanofluids, factoring in the 

effects of Brownian diffusion and thermophoresis. He 

found that the improved heat transfer in nanofluids comes 

from reduced fluid viscosity, which is caused by large 

temperature differences within the boundary layer.  

Grosan and Pop (2012) studied fully developed mixed 

convection flow in a vertical channel filled with a 

nanofluid, using the Buongiorno model to analyze the 

effects of Brownian motion and thermophoresis. They 

provided analytical solutions for velocity, temperature, 

and nanoparticle concentration profiles, finding that 

parameters like the Grashof number (Gr), Reynolds 

number (Re), buoyancy-ratio (Nr), Brownian motion 

(Nb), and thermophoresis (Nt) significantly impact flow 

and heat transfer. Specifically, the Nusselt number 

decreases with higher Nb and Nt, while the Sherwood 

number decreases with Nb but increases with Nt. 

Mostafazadeh et al. (2019) studied the effects of 

radiation on laminar natural convection of nanofluid in a 

vertical channel with single- and two-phase approach. 

Umavathi and Sheremet (2020) investigated the heat 

transfer of viscous fluid in a vertical channel sandwiched 

between nanofluid porous zones. 

Shobha and Patil (2021) studied the fully developed 

mixed convection in a vertical channel filled with 

nanofluids with heat source or sink in which effects of 

Brownian motion coefficient, thermophoresis coefficient 

and heat source or sink parameter were analysed 

graphically. Mirzaei et al. (2024) investigated natural 

convection in a square wavy porous cavity subjected to 

a partial magnetic field, using numerical simulations to 

analyze the effects of key parameters such as magnetic 

field length, Rayleigh number (Ra), Hartmann number 

(Ha), Darcy number (Da), and wave number of wall on 

fluid flow and heat transfer. 

 

Sani, and Kaita (2023) investigated steady-state free 

convection in a vertical channel with heat and mass 

transfer, under the influence of a uniform magnetic 

field and temperature-dependent thermal conductivity. 

They focused on the effects of variable thermal 

conductivity, magnetic fields, and buoyancy forces on 

fluid flow and heat transfer. Puspitasari et al. 

(2024) investigates steady natural convection from 

a vertical hot plate with variable radiation and constant 

heat flux and focuses on understanding 

the velocity and temperature distribution characteristics 

in the boundary layer over the plate. 

 

Ratha et al. (2022) investigates the two-dimensional 

unsteady flow of a Casson nanofluid over a shrinking 

horizontal sheet under the influence of an inclined 

magnetic field and Joule heating. They analysed the 

effects of various parameters, such as magnetic field 

inclination, unsteadiness, thermal buoyancy, 

and chemical reaction, on the velocity, temperature, and 

concentration profiles of the nanofluid. Ahmad et al. 

(2020) investigated the analytical solutions for free 

convection flow of Casson nanofluid over an infinite 

vertical plate. Jha and Sarki (2019) studied Chemical 

reaction and Dufour effects on nonlinear free convection 

heat and mass transfer flow near a vertical moving porous 

plate. Umar et al (2024) studied the free convective MHD 

flow of Jeffrey fluid in a porous medium in the presence 

of heat source/sink and the influence of different 

parameters such as: thermal Grashof number, mass 

Grashof number, Jeffrey parameter and heat source/sink, 

Peclet number for heat and mass transfer (𝑃𝑒 and 𝑃𝑒𝑚), 

and radiation parameter were investigated. Sarki and 

Garba (2024) investigated the impact of heat source/sink 

on non-linear free convection fluid flow with chemical 

reaction. Ajibade and Umar (2020) studied mixed 

convection flow in a vertical channel in the presence of 

wall conduction, variable thermal conductivity and 

viscosity. Yale et al. (2024) investigated mixed 

convection flow of heat generating/absorbing fluid in a 

vertical channel with asymmetric heating condition. 

The objective of the present study is to investigate the 

analytical solution of steady-state free convection flow of 

a nanofluid in a vertical channel using the model 

proposed by Buongiorno (2006). Both walls of the 

channel are kept at constant temperatures and 

concentrations. The effects of free convection, buoyancy-

ratio, Brownian motion, and thermophoretic parameters 

are discussed about temperature and velocity 

distributions in the channel. To the best of our 

knowledge, this problem has not been studied before. 

 

2.0  MATHEMATICAL ANALYSIS 

Consider a nanofluid that steadily flows between two 

vertical and parallel plane walls. The distance between 

the walls is 𝐿. We select a coordinate system in which the 

𝑥 − axis is aligned parallel to the gravitational 

acceleration vector 𝒈, but with the opposite direction. 

The 𝑦 − axis is orthogonal to the channel walls, and the 

origin of the axes is such that the positions of the channel 

walls are 𝑦 = 0 and 𝑦 = 𝐿, respectively. It is assumed 

that the temperature and nanoparticles concentration at 

the wall at 𝑦 = 0 are 𝑇1 and 𝐶1, while the temperature 

and nanoparticles concentration at the wall at 𝑦 =
𝐿 are 𝑇2 and 𝐶2, respectively. It is also assumed that the 

value of velocity at the channel entrance is 𝑢0.  
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            Figure 1. Physical Configuration of the Flow 

Assuming the Oberbec-Boussinesq approximation, the following four field equations embody the conservation of total mass, 

momentum, thermal energy, and nanoparticle concentration in vectorial form as: 

∇ ∙ 𝑣 = 0                                                                                                                 (1) 

𝜌𝑓(𝑣 ∙ ∇𝑣) = −∇𝑝 + 𝜇∇
2𝑣 + {𝐶𝜌𝑝 + (1 − 𝐶)[𝜌𝑓(1 − 𝛽(𝑇 − 𝑇0))]}𝒈             (2) 

(𝜌𝑐)𝑓(𝑣 ∙ ∇𝑇) = 𝑘∇
2𝑇 + (𝜌𝑐)𝑝 [𝐷𝐵∇𝑇 ∙ ∇𝐶 + (

𝐷𝑇
𝑇0
)∇𝑇 ∙ ∇𝑇]                                  (3) 

𝑣 ∙ ∇𝐶 = 𝐷𝐵∇
2𝐶 + (

𝐷𝑇
𝑇0
)∇2𝑇                                                                               (4) 

Linearizing the momentum equation (2), with assumption that the nanoparticle concentration is dilute and reference pressure of 

suitable choice, it can be written as: 

𝜌𝑓(𝑣 ∙ ∇𝑣) = −∇𝑝 + 𝜇∇2𝑣 + [(𝜌𝑝 − 𝜌𝑓0)(𝐶 − 𝐶0) − (1 − 𝐶0)𝜌𝑓0𝛽(𝑇 − 𝑇0)]𝒈      (5) 

The fluid velocity is assumed to be parallel to the 𝑥 axis, so that only 𝑥 component 𝑢 of velocity 𝑣 does not vanish. If the fully 

developed assumption is adopted (say, far from the channel’s entrance), the following relations apply: 

𝑣 = 0,
𝜕𝑢

𝜕𝑥
= 0,

𝜕𝑇

𝜕𝑥
= 0,

𝜕𝐶

𝜕𝑥
= 0 

𝜕𝑝

𝜕𝑦
= 0,

𝜕𝑝

𝜕𝑥
=
𝑑𝑝

𝑑𝑥
= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

}
 

 
                                                             (6) 

Then equations (1), (2), (3) and (4) become: 

−
𝑑𝑝

𝑑𝑥
+ 𝜇

𝑑2𝑢

𝑑𝑦2
+ [(1 − 𝐶0)𝜌𝑓𝑜𝛽(𝑇 − 𝑇0) − (𝜌𝑓 − 𝜌𝑓0)(𝐶 − 𝐶0)]𝑔 = 0                 (7) 

𝑘
𝑑2𝑇

𝑑𝑦2
+ (𝜌𝑐)𝑝 [𝐷𝐵

𝑑𝐶

𝑑𝑦

𝑑𝑇

𝑑𝑦
+ (

𝐷𝑇
𝑇0
) (
𝑑𝑇

𝑑𝑦
)
2

] = 0                                                              (8) 

𝐷𝐵
𝑑2𝐶

𝑑𝑦2
+ (

𝐷𝑇
𝑇0
)
𝑑2𝑇

𝑑𝑦2
= 0                                                                                                     (9) 

And are subjected to the boundary conditions 
𝑢 = 0, 𝑇 = 𝑇1, 𝐶 = 𝐶1       at 𝑦 = 0 
𝑢 = 0, 𝑇 = 𝑇2, 𝐶 = 𝐶2       at 𝑦 = 𝐿 

}                                                            (10) 

Introducing the following dimensionless variables 

𝑌 =
𝑦

𝐿
, 𝑈(𝑌) =

𝑢(𝑦)

𝑢0
, 𝑃(𝑌) =

𝑝(𝑦)

𝜌𝑢0
2    

𝜃(𝑌) =
(𝑇 − 𝑇0)

(𝑇2 − 𝑇0)
, ∅(𝑌) =

(𝐶 − 𝐶0)

(𝐶2 − 𝐶0) }
 
 

 
 

                                                      (11) 

To determine pressure gradient from equation (5), the mass flux conservation 𝑄 is required 

∫ 𝑢(𝑦)𝑑𝑦
𝐿

0

= 𝑄                                                                                                                 (12) 

Using equation (11) into (5), we have: 

𝑑2𝑢

𝑑𝑦2
=
𝑢0
2

𝐿2
𝑑2𝑈

𝑑𝑌2
                                                                                                                 (13) 

Substituting (13) into (5), we get 

−
𝑑𝑝

𝑑𝑥
+ 𝜇

𝑑2𝑢

𝑑𝑦2
+ [(1 − 𝐶0)𝜌𝑓𝑜𝛽(𝑇 − 𝑇0) − (𝜌𝑓 − 𝜌𝑓0)(𝐶 − 𝐶0)]𝑔 = 0  

https://portal.issn.org/resource/ISSN/3027-1118
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𝜇
𝑑2𝑢

𝑑𝑦2
+ [(1 − 𝐶0)𝜌𝑓𝑜𝛽(𝑇 − 𝑇0) − (𝜌𝑓 − 𝜌𝑓0)(𝐶 − 𝐶0)]𝑔 + 𝛼 = 0 

𝜇
𝑢0
2

𝐿2
𝑑2𝑈

𝑑𝑌2
+ [(1 − 𝐶0)𝜌𝑓𝑜𝛽(𝑇 − 𝑇0) − (𝜌𝑓 − 𝜌𝑓0)(𝐶 − 𝐶0)]𝑔 + 𝛼 = 0 

𝜇
𝑢0
2

𝐿2
𝑑2𝑈

𝑑𝑌2
+ [(1 − 𝐶0)𝜌𝑓𝑜𝛽(𝑇 − 𝑇0)

(𝑇2 − 𝑇0)

(𝑇2 − 𝑇0)
− (𝜌𝑓 − 𝜌𝑓0)(𝐶 − 𝐶0)

(𝐶2 − 𝐶0)

(𝐶2 − 𝐶0)
] 𝑔 + 𝛼 = 0 

𝜇𝑢0
2

𝐿2𝜌𝑓𝑜

𝑑2𝑈

𝑑𝑌2
+ (1 − 𝐶0)𝛽𝑔(𝑇 − 𝑇0)

(𝑇2 − 𝑇0)

(𝑇2 − 𝑇0)
− (𝜌𝑓 − 𝜌𝑓0)(𝐶 − 𝐶0)

(𝐶2 − 𝐶0)

(𝐶2 − 𝐶0)
𝑔 + 𝛼 = 0 

𝜇𝑢0
2

𝐿2𝜌𝑓𝑜

𝑑2𝑈

𝑑𝑌2
+ (1 − 𝐶0)𝑔𝛽(𝑇2 − 𝑇0)

(𝑇 − 𝑇0)

(𝑇2 − 𝑇0)
− 𝑔(𝜌𝑓 − 𝜌𝑓0)(𝐶2 − 𝐶0)

(𝐶 − 𝐶0)

(𝐶2 − 𝐶0)
+ 𝛼 = 0 

𝑑2𝑈

𝑑𝑌2
+
𝐿2𝜌𝑓𝑜

𝜇𝑢0
2
(1 − 𝐶0)𝑔𝛽(𝑇2 − 𝑇0)

(𝑇 − 𝑇0)

(𝑇2 − 𝑇0)
−
𝐿2𝜌𝑓𝑜

𝜇𝑢0
2 𝑔(𝜌𝑓 − 𝜌𝑓0)(𝐶2 − 𝐶0)

(𝐶 − 𝐶0)

(𝐶2 − 𝐶0)
+ 𝛼 = 0 

𝑑2𝑈

𝑑𝑌2
+ 𝐺𝑟𝜃(𝑌) − 𝑁𝑟∅(𝑌) + 𝛼 = 0                                                                                        (14) 

Equation (14) is Momentum equation. And using equation (11) into (9) 
𝑑𝑇

𝑑𝑦
=
𝑑𝑇

𝑑𝑌
∙
𝑑𝑌

𝑑𝑦
 

=
(𝑇2 − 𝑇0)

𝐿

𝑑𝜃

𝑑𝑌
 

𝑑2𝑇

𝑑𝑦2
=
(𝑇2 − 𝑇0)

2

𝐿2
𝑑2𝜃

𝑑𝑌2
                                                                                               (15) 

𝑑𝐶

𝑑𝑦
=
𝑑𝐶

𝑑𝑌
∙
𝑑𝑌

𝑑𝑦
 

=
(𝐶2 − 𝐶0)

𝐿

𝑑∅

𝑑𝑌
 

𝑑2𝐶

𝑑𝑦2
=
(𝐶2 − 𝐶0)

2

𝐿2
𝑑2∅

𝑑𝑌2
                                                                                              (16) 

Substituting (15) and (16) into 

𝑘
𝑑2𝑇

𝑑𝑦2
+ (𝜌𝑐)𝑝 [𝐷𝐵

𝑑𝐶

𝑑𝑦

𝑑𝑇

𝑑𝑦
+ (

𝐷𝑇
𝑇0
) (
𝑑𝑇

𝑑𝑦
)
2

] = 0 

𝑘

(𝜌𝑐)𝑝

𝑑2𝑇

𝑑𝑦2
+ [𝐷𝐵

𝑑𝐶

𝑑𝑦

𝑑𝑇

𝑑𝑦
+ (

𝐷𝑇
𝑇0
) (
𝑑𝑇

𝑑𝑦
)
2

] = 0 

𝑘

(𝜌𝑐)𝑝

𝑑2𝑇

𝑑𝑦2
+ 𝐷𝐵

𝑑𝐶

𝑑𝑦

𝑑𝑇

𝑑𝑦
+ (

𝐷𝑇
𝑇0
) (
𝑑𝑇

𝑑𝑦
)
2

= 0 

𝑘

(𝜌𝑐)𝑝

(𝑇2 − 𝑇0)
2

𝐿2
𝑑2𝜃

𝑑𝑌2
+ 𝐷𝐵

(𝐶2 − 𝐶0)

𝐿

𝑑∅

𝑑𝑌

(𝑇2 − 𝑇0)

𝐿

𝑑𝜃

𝑑𝑌
+ (

𝐷𝑇
𝑇0
)(
(𝑇2 − 𝑇0)

𝐿

𝑑𝜃

𝑑𝑌
)

2

= 0 

𝑘

(𝜌𝑐)𝑝

(𝑇2 − 𝑇0)
2

𝐿2
𝑑2𝜃

𝑑𝑌2
+ 𝐷𝐵

(𝐶2 − 𝐶0)(𝑇2 − 𝑇0)

𝐿2
𝑑∅

𝑑𝑌

𝑑𝜃

𝑑𝑌
+ (

𝐷𝑇
𝑇0
)
(𝑇2 − 𝑇0)

2

𝐿2
(
𝑑𝜃

𝑑𝑌
)
2

= 0 

𝑘

(𝜌𝑐)𝑝

𝑑2𝜃

𝑑𝑌2
+ 𝐷𝐵

(𝐶2 − 𝐶0)

(𝑇2 − 𝑇0)

𝑑∅

𝑑𝑌

𝑑𝜃

𝑑𝑌
+ (

𝐷𝑇
𝑇0
)(
𝑑𝜃

𝑑𝑌
)
2

= 0 

𝑘

(𝜌𝑐)𝑝

𝑑2𝜃

𝑑𝑌2
+ 𝐷𝐵(𝐶2 − 𝐶0)

𝑑∅

𝑑𝑌

𝑑𝜃

𝑑𝑌
+ (

𝐷𝑇
𝑇0
) (𝑇2 − 𝑇0) (

𝑑𝜃

𝑑𝑌
)
2

= 0 

𝑑2𝜃

𝑑𝑌2
+ 𝐷𝐵

(𝐶2 − 𝐶0)

𝑘
(𝜌𝑐)𝑝

𝑑∅

𝑑𝑌

𝑑𝜃

𝑑𝑌
+ (

𝐷𝑇
𝑇0
)
(𝑇2 − 𝑇0)

𝑘
(𝜌𝑐)𝑝

(
𝑑𝜃

𝑑𝑌
)
2

= 0 

𝑑2𝜃

𝑑𝑌2
+
𝐷𝐵(𝐶2 − 𝐶0)

𝑘
(𝜌𝑐)𝑝

𝑑∅

𝑑𝑌

𝑑𝜃

𝑑𝑌
+
𝐷𝑇(𝑇2 − 𝑇0)

𝑇0
𝑘

(𝜌𝑐)𝑝

(
𝑑𝜃

𝑑𝑌
)
2

= 0 

𝑑2𝜃

𝑑𝑌2
+ 𝑃𝑟 [𝑁𝑏

𝑑∅

𝑑𝑌

𝑑𝜃

𝑑𝑌
+ 𝑁𝑡 (

𝑑𝜃

𝑑𝑌
)
2

] = 0                                                                                 (17) 

Equation (17) is Energy equation. Also using equation (11) into (8) 

𝐷𝐵
𝑑2𝐶

𝑑𝑦2
+ (

𝐷𝑇
𝑇0
)
𝑑2𝑇

𝑑𝑦2
= 0 
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𝐷𝐵
(𝐶2 − 𝐶0)

2

𝐿2
𝑑2∅

𝑑𝑌2
+ (

𝐷𝑇
𝑇0
)
(𝑇2 − 𝑇0)

2

𝐿2
𝑑2𝜃

𝑑𝑌2
= 0 

𝐷𝐵
(𝐶2 − 𝐶0)

2

𝐿2
𝐿2

(𝐶2 − 𝐶0)(𝑇2 − 𝑇0)

𝑑2∅

𝑑𝑌2
+ (

𝐷𝑇
𝑇0
)
(𝑇2 − 𝑇0)

2

𝐿2
𝐿2

(𝐶2 − 𝐶0)(𝑇2 − 𝑇0)

𝑑2𝜃

𝑑𝑌2
= 0 

𝐷𝐵
(𝐶2 − 𝐶0)

(𝑇2 − 𝑇0)

𝑑2∅

𝑑𝑌2
+ (

𝐷𝑇
𝑇0
)
(𝑇2 − 𝑇0)

(𝐶2 − 𝐶0)

𝑑2𝜃

𝑑𝑌2
= 0 

𝑑2∅

𝑑𝑌2
+
(
𝐷𝑇
𝑇0
) (𝑇2 − 𝑇0)

2

𝐷𝐵(𝐶2 − 𝐶0)
2

𝑑2𝜃

𝑑𝑌2
= 0 

𝑑2∅

𝑑𝑌2
+
𝑁𝑡

𝑁𝑏

𝑑2𝜃

𝑑𝑌2
= 0                                                                                                                 (18) 

Equation (18) is Concentration equation. And the boundary conditions equation (27) become: 
𝑈(0) = 0, ∅(0) = −1, 𝜃(0) = −1

𝑈(1) = 0, ∅(1) = 1, 𝜃(1) = 1
    }                                                                  (19) 

where 𝛼 is the pressure gradient, 𝐺𝑟 is the Grashoff number, 𝑅𝑒 is the Reynolds number, 𝑃𝑟 is the Prandtl number, 𝑁𝑟 is the 

buoyancy ratio parameter, 𝑁𝑏 is the Brownian motion parameter and 𝑁𝑡 is the thermophoresis parameter. The parameters are given 

by: 

𝛼 = −
𝑑𝑃

𝑑𝑌
, 𝐺𝑟 =

(1 − 𝐶0)𝑔𝛽(𝑇2 − 𝑇0)

𝑣2
𝐿3,

𝑅𝑒 =
𝑢0𝐿

𝑣
, 𝑃𝑟 =

𝑣

𝛼
, 𝑁𝑟 =

(𝜌𝑝 − 𝜌𝑓)𝑔(𝐶2 − 𝐶0)

𝜇𝑢0
𝐿2,

𝑁𝑏 = 𝐷𝐵(𝐶2 − 𝐶0), 𝑁𝑡 =
𝐷𝑇(𝑇2 − 𝑇0)

𝑇0 }
  
 

  
 

                                    (20) 

The physical quantities of interest are the Nusselt (Nu) number, Sherwood (Sh) number and skin friction defined as; 

𝑁𝑢 = −
𝐿

𝑇2 − 𝑇0
(
𝜕𝑇

𝜕𝑌
)
𝑌=0

= −𝜃′(0)

 𝑆ℎ = −
𝐿

𝐶2 − 𝐶0
(
𝜕𝐶

𝜕𝑌
)
𝑌=0

= −∅′(0)

𝜏0 =
𝑑𝑈

𝑑𝑌
⃒𝑌=0

𝜏1 =
𝑑𝑈

𝑑𝑌
⃒𝑌=1

                                 

}
 
 
 
 

 
 
 
 

                                               (21) 

To find the solution of the governing equations (14), (17) and (18) concerning boundary conditions (19), we obtain: 

𝜃(𝑌) = 𝐶3 + 𝐶4𝑒
−𝐶2𝑃𝑟𝑌                                                                    (22) 

∅(𝑌) = −
𝑁𝑡

𝑁𝑏
(𝐶3 + 𝐶4𝑒

−𝐶2𝑃𝑟𝑌) + 𝐶1𝑌 −
𝐶1
2
                                (23) 

On substituting Equation (22) and (23) into Equation (14), the dimensionless fluid velocity is obtained as: 

𝑈(𝑌) = (𝐺𝑟 + 𝑁𝑟
𝑁𝑡

𝑁𝑏
)

𝐶4

𝐶2
2𝑃𝑟2

+ [
𝐶3
2
(𝐺𝑟 + 𝑁𝑟

𝑁𝑡

𝑁𝑏
) +

𝑁𝑟𝐶1
4

−
𝑁𝑟𝐶1
6

− (𝐺𝑟 + 𝑁𝑟
𝑁𝑡

𝑁𝑏
)

𝐶4

𝐶2
2𝑃𝑟2

+
𝐶4

𝐶2
2𝑃𝑟2

(𝐺𝑟 + 𝑁𝑟
𝑁𝑡

𝑁𝑏
) 𝑒−𝐶2𝑃𝑟 +

𝛼

2
]𝑌

+ [−
𝐶3
2
(𝐺𝑟 + 𝑁𝑟

𝑁𝑡

𝑁𝑏
) −

𝑁𝑟𝐶1
4

−
𝛼

2
]𝑌2 −

𝐶4

𝐶2
2𝑃𝑟2

(𝐺𝑟 + 𝑁𝑟
𝑁𝑡

𝑁𝑏
) 𝑒−𝐶2𝑃𝑟𝑌

+
𝑁𝑟𝐶1
6

𝑌3                                       (24) 

For purely buoyancy driven flow (natural convection flow), α = 0 and Equation (24) becomes: 

𝑈(𝑌) =
𝐶5

𝐶2
2𝑃𝑟2

+ [
𝐶7
2
+
𝐶6
6
−

𝐶5

𝐶2
2𝑃𝑟2

+
𝐶5

𝐶2
2𝑃𝑟2

𝑒−𝐶2𝑃𝑟] 𝑌 −
𝐶7
2
𝑌2 −

𝐶6
6
𝑌3

−
𝐶5

𝐶2
2𝑃𝑟2

𝑒−𝐶2𝑃𝑟𝑌                                                                         (25) 

where 𝐶𝑖 , 𝑖 = 1 − 7  are constants, given by 
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𝐶1 = 2(1 +
𝑁𝑡

𝑁𝑏
) , 𝐶2 = 𝑁𝑏𝐶1, 𝐶3 =

(𝑒𝐶2𝑃𝑟 + 1)

(𝑒𝐶2𝑃𝑟 − 1)

𝐶4 = −
2𝑒𝐶2𝑃𝑟

(𝑒𝐶2𝑃𝑟 − 1)
, 𝐶5 = 𝐶4 (𝐺𝑟 + 𝑁𝑟

𝑁𝑡

𝑁𝑏
) , 𝐶6 = −𝑁𝑟𝐶1,

𝐶7 = 𝐶3 (𝐺𝑟 + 𝑁𝑟
𝑁𝑡

𝑁𝑏
) +

𝑁𝑟𝐶1
2 }

  
 

  
 

                (26)  

Using equations (22), (23) and (26), Nusselt number and sherwood numbers are defined by; 

𝑁𝑢 = −𝜃′(0) = 𝐶4𝐶2𝑃𝑟

𝑆ℎ = −∅′(0) = −(
𝑁𝑡

𝑁𝑏
𝐶4𝐶2𝑃𝑟 + 𝐶1)

              }                                                      (27) 

Therefore, fluid flowing against the boundary surface would experience viscous forces called skin friction. It is the fluid forces 

against the direction of the wall surface and is given by: 

𝜏0 =
𝑑𝑈

𝑑𝑌
⃒𝑌=0 =

𝐶5

𝐶2
2𝑃𝑟2

𝑒−𝐶2𝑃𝑟 −
𝐶5

𝐶2
2𝑃𝑟2

+
𝐶5
𝐶2𝑃𝑟

+
𝐶6
6
+
𝐶7
2

𝜏0 =
𝑑𝑈

𝑑𝑌
⃒𝑌=1 =

𝐶5

𝐶2
2𝑃𝑟2

𝑒−𝐶2𝑃𝑟 −
𝐶5

𝐶2
2𝑃𝑟2

+
𝐶5
𝐶2𝑃𝑟

𝑒−𝐶2𝑃𝑟 −
𝐶6
3
+
𝐶7
2

   

}
 
 

 
 

           (28) 

 

3.0  RESULTS AND DISCUSSION 

This study examines the analytical solution of steady-

state free convection of a nanofluid in a vertical channel. 

Additionally, a MATLAB program was developed to 

generate line graphs illustrating velocity 𝑈(𝑌), 
temperature 𝜃(𝑌), and nanoparticle concentration ∅(𝑌) 
profiles, providing a clear visualization of the problem 

and showcasing the influence of some various key 

parameters. These parameters include the Prandtl 

number (𝑃𝑟), Brownian motion parameter (𝑁𝑏), 
Grashof number for heat transfer (𝐺𝑟), thermophoresis 

parameter (𝑁𝑡), and the buoyance ratio parameter (𝑁𝑟). 
The fixed values chosen for analysis are 𝑃𝑟 =  0.71,
𝐺𝑟 =  1000, 𝑁𝑟 =   𝑁𝑡 =  𝑁𝑏 = 0.5. High order 

finite difference method is used to compare the 

analytical solution and numerical solution of some 

governing parameters. 

 
Figure 2. Variation of Dimensionless Velocity When 𝑵𝒓 =
 𝟎. 𝟏, 𝟎. 𝟐, 𝟎. 𝟑, 𝟎. 𝟒, 𝟎. 𝟓, 𝟎. 𝟔, 𝟎. 𝟕, 𝟎. 𝟖, 𝟎. 𝟗, 𝑷𝒓 =

𝟎. 𝟕𝟏 and 𝑵𝒕 =  𝑵𝒃 =  𝟎. 𝟓 

 

Figure 2 illustrates the variation of dimensionless 

velocity 𝑈(𝑌) for different values of the buoyancy ratio 

parameter (𝑁𝑟) while keeping other parameters 

constant. Specifically, the figure shows how the velocity 

profile changes as (𝑁𝑟) increases from 0.1 𝑡𝑜 0.9, with 

fixed values of the Prandtl number (𝑃𝑟 = 0.71) and 

the Brownian motion and thermophoresis parameters 

(𝑁𝑏 = 𝑁𝑡 = 0.5). Near the hot wall (𝑌 = 0), the 

velocity decreases as 𝑁𝑟 increases and near the cold 

wall (𝑌 = 1) the velocity increases as 𝑁𝑟 increases. 

Increasing 𝑁𝑟 leads to a deceleration of the flow near 

the hot wall and an acceleration near the cold wall. 

 
Figure 3.  Variation of Dimensionless Velocity When 𝑮𝒓 =
 𝟏𝟎, 𝟓𝟎, 𝟏𝟎𝟎, 𝟏𝟓𝟎, 𝟏𝟕𝟓, 𝟐𝟎𝟎, 𝟐𝟓𝟎, 𝟐𝟕𝟓, 𝟑𝟎𝟎, 𝑷𝒓 =
𝟎. 𝟕𝟏, 𝑵𝒓 = 𝑵𝒕 =  𝑵𝒃 =  𝟎. 𝟓 

 

Figure 3 demonstrates the variation of dimensionless 

velocity 𝑈(𝑌) across the vertical channel for different 

values of the Grashoff number 𝐺𝑟. The Grashoff 

number is a dimensionless parameter that represents the 

ratio of buoyancy forces to viscous forces in a fluid. It is 

a key parameter in free convection problems, as it 

indicates the strength of the buoyancy-driven flow. The 

figure shows how the velocity profile 𝑈(𝑌) changes as 
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 the Grashoff number 𝐺𝑟 increases and as 𝐺𝑟 increases, 

the velocity near the hot wall (left wall, 𝑌 = 0) 

decreases, while the velocity near the cold wall (right 

wall, 𝑌 = 1) increases. 

 

 
Figure 4. Variation of Dimensionless Velocity When 𝑷𝒓 =
 𝟎. 𝟔𝟎, 𝟎. 𝟕𝟏, 𝟎. 𝟖, 𝟎. 𝟖𝟓, 𝟎. 𝟗, 𝟎. 𝟗𝟓, 𝟏 and 𝑵𝒓 = 𝑵𝒕 =

 𝑵𝒃 =  𝟎. 𝟓 

Figure 4 shows the variation of dimensionless velocity 

(𝑈(𝑌)) for different values of the Prandtl number (𝑃𝑟) 
while keeping other parameters constant. Specifically, 

the figure shows how the velocity profile changes 

as 𝑃𝑟 increases from 0.6 𝑡𝑜 1, with fixed values of 

the Brownian motion and thermophoresis 

parameters (𝑁𝑟 = 𝑁𝑏 = 𝑁𝑡 = 0.5). Near the hot wall 

(𝑌 = 0), the velocity decreases as 𝑃𝑟 increases and near 

the cold wall (𝑌 = 1), the velocity increases 

as 𝑃𝑟 increases. 

 
Figure 5. Variation of Dimensionless Velocity When 𝑵𝒃 =
 𝟎. 𝟏, 𝟎. 𝟐, 𝟎. 𝟑, 𝟎. 𝟒, 𝟎. 𝟓, 𝟎. 𝟔, 𝟎. 𝟕, 𝟎. 𝟖, 𝟎. 𝟗, 𝑵𝒓 =

 𝑵𝒕 = 𝟎. 𝟓 and 𝑷𝒓 = 𝟎. 𝟕𝟏 

 

Figure 5 illustrates the variation of dimensionless 

velocity 𝑈(𝑌) for different values of the Brownian 

motion parameter (𝑁𝑏), while keeping other parameters 

constant. Specifically, the figure shows how the velocity 

profile changes as 𝑁𝑏 increases from 0.1 𝑡𝑜 0.8, with 

fixed values of the buoyancy ratio parameter (𝑁𝑟 =
0.5), thermophoresis parameter (𝑁𝑡 = 0.5), 
and Prandtl number (𝑃𝑟 = 0.71). Near the hot 

wall (𝑌 = 0), the velocity decreases as 𝑁𝑏 increases 

and near the cold wall (𝑌 = 1), the velocity increases 

as 𝑁𝑏 increases. 

 

 
Figure 6. Variation of Dimensionless Velocity When 𝑵𝒕 =
 𝟎. 𝟏, 𝟎. 𝟐, 𝟎. 𝟑, 𝟎. 𝟒, 𝟎. 𝟓, 𝟎. 𝟔, 𝟎. 𝟕, 𝟎. 𝟖, 𝟎. 𝟗, 𝑵𝒓 =

 𝑵𝒃 = 𝟎. 𝟓 and 𝑷𝒓 =  𝟎. 𝟕𝟏 

 

Figure 6 demonstrates the variation of dimensionless 

velocity 𝑈(𝑌) for different values of the thermophoresis 

parameter (𝑁𝑡), while keeping other parameters 

constant. Specifically, the figure shows how the velocity 

profile changes as 𝑁𝑡 increases from 0.1 𝑡𝑜 0.9, with 

fixed values of the buoyancy ratio parameter (𝑁𝑟 =
0.5), Brownian motion parameter (𝑁𝑏 = 0.5), 
and Prandtl number (𝑃𝑟 = 0.71). Near the hot wall 

(𝑌 = 0), the velocity decreases as 𝑁𝑡 increases and near 

the cold wall (𝑌 = 1), the velocity increases 

as 𝑁𝑡 increases. 
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Figure 7. Variation of Dimensionless Temperature (Full 

Line) and Dimensionless Concentration (Broken Line) 

When 𝑵𝒃 =  𝟎. 𝟏, 𝟎. 𝟐,   𝟎. 𝟑,   𝟎. 𝟒, 𝟎. 𝟓, 𝟎. 𝟔, 𝟎. 𝟕, 𝟎. 𝟖,
𝟎. 𝟗,   𝑵𝒓 = 𝟏𝟎𝟎, 𝑵𝒕 = 𝟎. 𝟓 and 𝑷𝒓 =  𝟎. 𝟕𝟏 

 

Figure 7 illustrates the variation of dimensionless 

temperature 𝜃(𝑌) and dimensionless nanoparticle 

concentration ∅(𝑌) profiles for different values of 

the Brownian motion parameter (𝑁𝑏), while keeping 

other parameters constant. Specifically, the figure shows 

how the temperature and concentration profiles change 

as 𝑁𝑏 increases from 0.1 𝑡𝑜 0.9, with fixed values of 

the buoyancy ratio parameter (𝑁𝑟 =
0.5), thermophoresis parameter (𝑁𝑡 = 0.5), 
and Prandtl number (𝑃𝑟 = 0.71). As 𝑁𝑏 increases, the 

temperature profile increases across the channel and 

as 𝑁𝑏 increases, the nanoparticle concentration profile 

also increases across the channel. The concentration of 

nanoparticles is higher near the cold wall (𝑌 = 1) 
compared to the hot wall (𝑌 = 0), reflecting the 

tendency of nanoparticles to move from the hot wall to 

the cold wall due to thermophoresis. 

 

 
Figure 8. Variation of Dimensionless Temperature (Full 

Line) and Dimensionless Concentration (Broken Line) 

when 𝑵𝒕 =  𝟎. 𝟏, 𝟎. 𝟐, 𝟎. 𝟑, 𝟎. 𝟒, 𝟎. 𝟓.   𝟎. 𝟔, 𝟎. 𝟕, 𝟎. 𝟖,
𝟎. 𝟗, 𝑵𝒓 =  𝑵𝒃 = 𝟎. 𝟓 and 𝑷𝒓 =  𝟎. 𝟕𝟏 

 

Figure 8 shows the variation of dimensionless 

temperature 𝜃(𝑌) and dimensionless nanoparticle 

concentration ∅(𝑌) profiles for different values of 

the thermophoresis parameter (𝑁𝑡), while keeping other 

parameters constant. Specifically, the figure shows how 

the temperature and concentration profiles change 

as 𝑁𝑡 increases from 1 𝑡𝑜 5, with fixed values of 

the buoyancy ratio parameter (𝑁𝑟 = 0.5), Brownian 

motion parameter (𝑁𝑏 = 0.5), and Prandtl number 

(𝑃𝑟 = 0.71). As 𝑁𝑡 increases, the temperature profile 

increases across the channel and as 𝑁𝑡 increases, the 

nanoparticle concentration profile decreases across the 

channel. A higher 𝑁𝑡 means that the nanoparticles are 

more strongly driven from the hot wall to the cold wall, 

which enhances the thermal conductivity of the 

nanofluid. 

 
Figure 9. Variation of Dimensionless Temperature (Full 

Line) and Dimensionless Concentration (Broken Line) 

When 𝑷𝒓 =  𝟎. 𝟔, 𝟎. 𝟕𝟏, 𝟎. 𝟖, 𝟎. 𝟖𝟓, 𝟎. 𝟗.   𝟎. 𝟗𝟓, 𝟏, 𝑵𝒓 =
𝑵𝒃 = 𝑵𝒕 =  𝟎. 𝟓 

 

Figure 9 illustrates the variation of dimensionless 

temperature 𝜃(𝑌) and dimensionless nanoparticle 

concentration ∅(𝑌) profiles across the vertical channel 

for different values of the Prandtl number 𝑃𝑟. The 

Prandtl number is a dimensionless parameter that 

represents the ratio of momentum diffusivity (viscosity) 

to thermal diffusivity. The figure shows how the 

temperature and nanoparticle concentration profiles 

change as the Prandtl number 𝑃𝑟 increases. 

As 𝑃𝑟 increases, the temperature profile 𝜃(𝑌) increases 

across the channel and the nanoparticle concentration 

profile ∅(𝑌) also increases with increasing 𝑃𝑟. 

The temperature profile (full line) shows that the 

temperature is higher near the hot wall (𝑌 = 0) and 

decreases towards the cold wall (𝑌 = 1) and 
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 the nanoparticle concentration profile (broken line) 

shows that the concentration of nanoparticles is higher 

near the cold wall (𝑌 = 1) compared to the hot 

wall (𝑌 = 0). 
 

 
Figure 10.  Variation of Nusselt Number (𝑵𝒖) and 

Sherwood Number (𝑺𝒉) With Respect To  𝑵𝒃, When 

𝑵𝒕 = 𝟎. 𝟏, 𝟎. 𝟑, 𝟎. 𝟓 

 

Figure 10 demonstrates the variation of the Nusselt 

number (𝑁𝑢) and Sherwood number (𝑆ℎ) with respect 

to the Brownian motion parameter (𝑁𝑏), for different 

values of the thermophoresis parameter (𝑁𝑡). 
Specifically, the figure shows how the Nusselt and 

Sherwood numbers change as 𝑁𝑏 varies, with 𝑁𝑡 fixed 

at three different values 𝑁𝑡 = 0.1,  𝑁𝑡 = 0.3, 𝑎𝑛𝑑 𝑁𝑡 =
0.5. As 𝑁𝑏 increases, the Nusselt number decreases and 

as 𝑁𝑏 increases, the Sherwood number also decreases. 

A higher 𝑁𝑏  leads to a thicker thermal boundary layer, 

which reduces the temperature gradient at the wall and 

more uniform distribution of nanoparticles throughout 

the fluid, reducing the concentration gradient at the wall, 

For a given 𝑁𝑏, the Nusselt and Sherwood numbers 

decrease as 𝑁𝑡 increases. 

 
Figure 11 Variation of Nusselt Number (Nu) and 

Sherwood Number (Sh) With Respect To Nt When 𝑵𝒃 =
𝟎. 𝟏, 𝟎. 𝟑, 𝟎. 𝟓 

 

Figure 11 illustrates the variation of the Nusselt number 

(𝑁𝑢) and Sherwood number (𝑆ℎ) with respect to 

the thermophoresis parameter (𝑁𝑡), for different values 

of the Brownian motion parameter (𝑁𝑏). Specifically, 

the figure shows how the Nusselt and Sherwood 

numbers change as 𝑁𝑡 varies, with 𝑁𝑏 fixed at three 

different values 𝑁𝑏 = 0.1,  𝑁𝑏 = 0.3, 𝑎𝑛𝑑 𝑁𝑏 = 0.5. 

As 𝑁𝑡 increases, the Nusselt number decreases and 

as 𝑁𝑡 increases, the Sherwood number increases. A 

higher 𝑁𝑡 means that the nanoparticles are more 

strongly driven from the hot wall to the cold wall, which 

enhances the thermal conductivity of the nanofluid. For 

a given 𝑁𝑡, the Nusselt number decreases 

as 𝑁𝑏 increases and For a given 𝑁𝑡, the Sherwood 

number decreases as 𝑁𝑏 increases. 

 

It can be seen from Figs. 2– 6 that with increasing values 

of the buoyancy-ratio parameter  𝑁𝑟,  the Prandtl 

number, the Grashof number 𝐺𝑟, the Brownian motion 

parameter, 𝑁𝑏, and the thermophoresis parameter, 𝑁𝑡, 
the flow decelerate near the hot wall and accelerate near 

the cold wall. For the considered values of the governing 

parameters, the magnitude of velocity is always lower 

than in the regular (Newtonian) fluid case. Further, Figs. 

7,8 and 9 display the dimensionless temperature (full 

lines) and the rescaled nanoparticle volume fraction 

(dotted lines) profiles for different values of 𝑁𝑏 and 

𝑁𝑡 =  0.5 (Fig. 7) , 𝑁𝑡 and 𝑁𝑏 =  0.5 (Fig. 8) and 𝑃𝑟 

and 𝑁𝑏 = 𝑁𝑡 = 0.5. Thus, we notice from Fig. 7 that 

both temperature and nanoparticle volume fraction 

profiles increase with the increasing of the parameter 

𝑁𝑏, while from Fig. 8 temperature profile increases and 

nanoparticle volume fraction decreases with the 

increasing of 𝑁𝑡 and from Fig. 9 both temperature and 

nanoparticle volume profiles increase with the 

increasing of the parameter 𝑃𝑟. Finally, Figs. 10 and 11 

present the variation of reduced Nusselt number −𝜃′(0) 
(full line) and reduced Sherwood number −∅′(0) 

https://portal.issn.org/resource/ISSN/3027-1118
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 (dotted line) with respect to 𝑁𝑏 and 𝑁𝑡. These figures 

show that the Nusselt number decreases with the 

increasing of 𝑁𝑏 and 𝑁𝑡, while the Sherwood number 

decreases with the increasing of 𝑁𝑏 and increases with 

the increasing of 𝑁𝑡, which is in agreement with the 

temperature and the nanoparticle volume fraction 

profiles shown in Figs. 6 and 7. We notice that the 

reduced Sherwood number is more sensitive with the 

variation of the parameters 𝑁𝑏 and 𝑁𝑡 than the reduced 

Nusselt number. It is worth to mention that 𝐸𝑞. (14) is 

uncoupled with the system of 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 (17) 
and (18). Thus, parameters 𝐺𝑟, 𝑁𝑟, and a have no 

influence on the Nusselt and Sherwood numbers. 

 
Table 1: Comparison Between Analytical and Numerical Results. 

 𝜽′(𝟎) ∅′(𝟎) 
𝑮𝒓 𝑃𝑟 𝑁𝑟 𝑁𝑡 𝑁𝑏 Analytic Numeric Analytic Numeric 

 

𝟎 

 0 0 0.2 2.426593 2.426593 2.00000 2.00000 

1 0 0.2 0.2 2.905546 2.905530 1.094454 1.094470 

 5 0.2 0.2 2.905546 2.905530 1.094454 1.094470 

 

𝟏𝟎𝟎𝟎 

 0 0 0.2 2.426596 2.426593 2.00000 2.00000 

1 0 0.2 0.2 2.905546 2.905530 1.094454 1.094470 

 5 0.2 0.2 2.905546 2.905530 1.094454 1.094470 

 
 Table 1 compares the analytical and numerical results for 𝜃′(0) and ∅′(0) under different values of the governing 

parameters; 
𝐺𝑟

𝑅𝑒
, 𝑁𝑟, 𝑁𝑏 and 𝑁𝑡 with fixed 𝑃𝑟 = 1. The analytical and numerical results are in good agreement. This 

indicates that 𝑃𝑟 has a significant effect on both Nusselt and Sherwood numbers.   

 
Table 2: The Values of 𝜽′(𝟎) 𝒂𝒏𝒅 ∅′(𝟎)in the Present Work and Literature Review for 𝑷𝒓 = 𝟏, 𝑮𝒓 = 𝟏𝟎𝟎𝟎, 𝑹𝒆 = 𝟏 

Grosan and  Pop, (2012) Present Study Grosan and Pop, (2012) Present Study 

𝜽′(𝟎) 𝜃′(0) ∅′(0) ∅′(0) 
Analytic Numeric Analytic Numeric Analytic Numeric Analytic Numeric 

𝟐. 𝟒𝟐𝟔𝟓𝟗 2.42647 2.426596 2.426593 2 1.99999 2.00000 2.00000 

𝟐. 𝟗𝟎𝟓𝟓𝟒 2.90525 2.905546 2.905530 1.09445 1.09474 1.094454 1.094470 

𝟐. 𝟗𝟎𝟓𝟓𝟒 2.90525 2.905546 2.905530 1.09445 1.09474 1.094454 1.094470 

 
Table 2 It is observed that the values of 𝜃′(0) and  ∅′(0) in the present study are in conformity with those reported 

by Grosan and Pop, (2012), showing that the present work is validated with 𝑃𝑟 = 1 and 𝑅𝑒 = 1. 
Table 3: Skin Friction 

𝑮𝒓 𝑷𝒓 
𝝉𝟎 =

𝒅𝑼

𝒅𝒀
⃒𝒀=𝟎 𝝉𝟏 =

𝒅𝑼

𝒅𝒀
⃒𝒀=𝟏 

 

𝟎 
0.71 79.0856 6.1993 

0.8 83.9162 6.0892 

0.9 88.9168 6.0003 

1 93.5324 5.9353 

 

 

𝟏𝟎𝟎𝟎 

0.71 2.0327 2.1526 

0.8 2.5641 2.0314 

0.9 3.1142 1.9336 

1 3.6219 1.8622 

 
Table 3 shows the values of skin friction at the left wall 

and the right wall for different values of the Grashoff 

number to Reynolds number ratio (
𝐺𝑟

𝑅𝑒
) and the Prandtl 

number (𝑃𝑟). As 𝑃𝑟 increases, the skin friction at both 

walls increases. This indicates that higher Prandtl 

numbers lead to higher shear stress at the walls, which 

is consistent with the fact that 𝑃𝑟 represents the ratio of 

momentum diffusivity to thermal diffusivity. 

 

4.0 CONCLUSION 

 The steady-state free convection of a nanofluid in a 

vertical channel was investigated and resolved 

analytically. Using tables and graphical representations, 
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 the behavior of several physical factors was examined. 

The following conclusions were reached: 

i. Increasing 𝑁𝑟 leads to a deceleration of the flow 

near the hot wall and an acceleration near the cold 

wall. 

ii. As 𝐺𝑟 increases, the velocity near the hot wall 

decreases, while the velocity near the cold 

wall increases. This behavior is due to the fact that 

higher Grashoff numbers indicate stronger 

buoyancy forces, which enhance the flow near the 

cold wall and reduce it near the hot wall. 

iii. Near the hot wall, the velocity decreases 

as 𝑃𝑟 increases and near the cold wall, the velocity 

increases as 𝑃𝑟 increases. This behavior is due to 

the fact that higher Prandtl numbers indicate a 

thicker thermal boundary layer relative to the 

velocity boundary layer, which affects the flow 

dynamics. 

iv. Near the hot wall, the velocity decreases 

as 𝑁𝑏 increases and near the cold wall, the velocity 

increases as 𝑁𝑏 increases. 

v. Near the hot wall, the velocity decreases 

as 𝑁𝑡 increases and near the cold wall, the velocity 

increases as 𝑁𝑡 increases. 

vi. As 𝑁𝑏 increases, the temperature profile increases 

across the channel and as 𝑁𝑏 increases, the 

nanoparticle concentration profile also increases 

across the channel. The concentration of 

nanoparticles is higher near the cold wall compared 

to the hot wall, reflecting the tendency of 

nanoparticles to move from the hot wall to the cold 

wall due to thermophoresis. 

vii. As 𝑁𝑡 increases, the temperature profile increases 

across the channel and as 𝑁𝑡 increases, the 

nanoparticle concentration profile decreases across 

the channel. A higher 𝑁𝑡 means that the 

nanoparticles are more strongly driven from the hot 

wall to the cold wall, which enhances the thermal 

conductivity of the nanofluid. 

viii. As 𝑃𝑟 increases, the temperature 

profile 𝜃(𝑌) increases across the channel and 

the nanoparticle concentration profile ∅(𝑌) also 

increases with increasing 𝑃𝑟. 

ix. As 𝑁𝑏 increases, the Nusselt number decreases and 

as 𝑁𝑏 increases, the Sherwood number also 

decreases. A higher 𝑁𝑏  leads to a thicker thermal 

boundary layer, which reduces the temperature 

gradient at the wall and more uniform distribution 

of nanoparticles throughout the fluid, reducing the 

concentration gradient at the wall, For a given 𝑁𝑏, 

the Nusselt and Sherwood numbers decrease 

as 𝑁𝑡 increases. 

x. As 𝑁𝑡 increases, the Nusselt number decreases and 

as 𝑁𝑡 increases, the Sherwood number increases. A 

higher 𝑁𝑡 means that the nanoparticles are more 

strongly driven from the hot wall to the cold wall, 

which enhances the thermal conductivity of the 

nanofluid. For a given 𝑁𝑡, the Nusselt number 

decreases as 𝑁𝑏 increases and For a given 𝑁𝑡, the 

Sherwood number decreases as 𝑁𝑏 increases. 
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