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ABSTRACT 
In this paper, we establish an 𝐿-fuzzy fixed point theorem for generalized contractive 𝐿-fuzzy mappings in the context 

of an ℱ-complete ℱ-metric space. We also provide consequences and examples to support the main findings. 
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1.0 INTRODUCTION 

Zadeh’s (1965) work on fuzzy set theory in 1965 

significantly simplified the approach to solving real-

world problems by offering a clearer and more precise 

method for handling uncertainties and vagueness. Two 

years later, his student, (Goguen, 1967), expanded this 

concept to 𝐿-fuzzy set theory by considering a 

completely distributive lattice L instead of the interval [0, 

1], thereby broadening the scope and applicability of 

fuzzy sets. 

 

In 1981, (Heilpern, 1981) introduced fuzzy contraction 

mappings, generalizing both the Banach contraction 

principle and Nadler’s fixed point theorems, leading to a 

fuzzy fixed point result in complete metric spaces. Frigon 

& O’Regan (2002) subsequently expanded this work by 

examining contractive conditions for 1-level sets of fuzzy 

contractions, inspiring further generalizations. In 2014, 

(Rashid et al., 2014) introduced the concept of 𝛽𝐹𝐿- 

admissibility for 𝐿-fuzzy mappings and proved a 

common 𝐿-fuzzy fixed point theorem, thereby advancing 

the field with the introduction of 𝑑𝐿
∞-metrics and 

Hausdorff distances for 𝐿-fuzzy sets.  

 

In 2018, the notion of an ℱ-metric space was introduced 

by (Jleli & Samet, 2018), this concept generalized the 

classical metric space. Later, (Alnaser et al., 2019) 

applied this framework to establish fixed point theorems 

for contractions involving rational expressions, while 

(Alansari et al., 2020) explored further results in ℱ-

metric spaces and identified open problems, including 

common fixed point theorems for 𝐿-fuzzy mappings in 

such spaces. Recently, (Lateef, 2024) addressed this 

problem by establishing common 𝐿-fuzzy fixed point 

theorems for (𝛽 − 𝜓) contractions in ℱ-metric spaces, 

further advancing the field. In line with this, we offer 

another solution to the problem via generalized 

contraction-type mappings without using admissible 

mappings. For more on ℱ-metric spaces and fuzzy fixed 

point theory, see (Abdullahi et al., 2018, 2021, 2024; 

Abdullahi & Azam, 2017, 2021; Al-Mezel et al., 2020; 

Asif et al., 2019; Azam & Beg, 2013; Gopal et al., 2021; 

Hussain & Kanwal, 2018; Kanwal et al., 2022; Khan et 

al., 2023; Lateef & Ahmad, 2019; Manav & Turkoglu, 

2019; Martnez-Moreno & Kumam, 2016; Mohammed et 

al., 2021; Mohammed & Azam, 2019; Phiangsungnoen 

et al., 2014; Rakić et al., 2020; Shagari & Azam, 2020; 

Zahed et al., 2023) along with references therein. 

In this paper, we develop a new 𝐿-fuzzy common fixed 

point theorem for generalized contractive 𝐿-fuzzy 

mappings within the framework of ℱ-complete ℱ-metric 

spaces. Notably, our work does not focus on admissible 

mappings, which distinguishes it from some previous 

research. Additionally, we explore the consequences of 

our results and provide examples to support our findings. 

 

2.0 PRELIMINARIES 

We begin the section by recalling the notion of a metric space as defined below: 

Definition 2.1. A metric space is a pair (𝐽, 𝑑) where 𝐽 is a nonempty set and 𝑑 ∶  𝐽 ×  𝐽 → [0,∞) is a function 

satisfying the following properties, for all 𝑗, 𝑟, 𝑣 ∈  𝐽: 
1) Non-negativity: 𝑑(𝑗, 𝑟) ≥  0. 
2) Identity of indiscernible: 𝑑( 𝑗, 𝑟) =  0 if and only if 𝑗 =  𝑟. 
3) Symmetry: 𝑑(𝑗, 𝑟) =  𝑑(𝑟, 𝑗). 
4) Triangle inequality: 𝑑( 𝑗, 𝑣)  ≤  𝑑(𝑗, 𝑟)  +  𝑑(𝑟, 𝑣). 
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In 2018, (Jleli & Samet, 2018) introduced a remarkable generalization of metric space, known as an ℱ-metric space, 

defined as follows: 

Let F denote the set of functions 𝑓: (0, +∞) → ℝ satisfying the following conditions: 

(ℱ1) If 0 < 𝑏 < 𝑎, then 𝑓(𝑏) ≤ 𝑓(𝑎). 
(ℱ2) For any sequence {𝑘𝑛} ⊂ (0, +∞), 

lim
𝑛 →∞

𝑘𝑛  =  0 ⟺ lim
𝑛 →∞

𝑓(𝑘) = −∞. 

Definition 2.2. Let 𝐽 be a nonempty set and 𝑑𝐹 ∶  𝐽 × 𝐽 → [0,∞) be a given function. Suppose that there exists (𝑓, 𝛼) ∈
ℱ × [0, +∞) such that for all 𝑗, 𝑟, 𝑣 ∈  𝐽: 

1) Non-negativity: 𝑑𝐹(𝑗, 𝑟) ≥  0. 
2) Identity of indiscernible: 𝑑(𝑗, 𝑟) =  0 if and only if 𝑗 =  𝑟. 
3) Symmetry: 𝑑𝐹(𝑗, 𝑟) =  𝑑𝐹(𝑟, 𝑗). 

4) ℱ-metric condition: for every 𝑛∗𝜖 𝑁 with 𝑛∗ ≥ 2, and every sequence {𝑝𝑖}𝑖=1
𝑛∗ ⊂ 𝐽 with (𝑥1, 𝑥𝑛∗) = (𝑗, 𝑟), 

we have: 

𝑑𝐹(𝑗, 𝑟) > 0 ⇒ 𝑓(𝑑𝐹(𝑗, 𝑟)) ≤ 𝑓 (∑ 𝑑𝐹(𝑝𝑖 , 𝑝𝑖+1)
𝑛∗−1

𝑖=1
) +  𝛼. 

Then, the function 𝑑𝐹 is called an ℱ-metric and the pair (𝐽, 𝑑𝐹) an ℱ-metric space. 

Remark 2.3. Observe that any metric 𝑑 on 𝐽 is an ℱ-metric 𝑑𝐹 on 𝐽. This is because the function 𝑓(𝜋) = ln 𝜋 for 𝜋 >
0 satisfies the ℱ-metric condition with 𝛼 = 0. Thus, for any metric 𝑑, we have: 

𝑑𝐹(𝑗, 𝑟) > 0 ⇒ 𝑓(𝑑𝐹(𝑗, 𝑟)) ≤ 𝑓 (∑ 𝑑𝐹(𝑝𝑖 , 𝑝𝑖+1)
𝑛∗−1

𝑖=1
). 

Example 2.4. (Jleli & Samet, 2018). The function 𝑑𝐹: ℝ × ℝ → [0, +∞) defined as: 

𝑑𝐹(𝑗, 𝑟) = {
|𝑗 − 𝑟|             if (𝑗, 𝑟) 𝜖 [0,3] × [0,3],

|𝑗 − 𝑟|2           if (𝑗, 𝑟) 𝜖 [0,3] × [0,3],
 

with 𝑓(𝜋) = ln 𝜋 for all 𝜋 > 0 and 𝛼 = ln 3, is an ℱ-metric. 

Example 2.5. Let 𝑑 be the standard metric on ℝ𝑛 defined by:  

𝑑𝐹(𝑗, 𝑟)  = ∥ 𝑗 − 𝑟 ∥ 
where ∥ · ∥ is the Euclidean norm, 𝛼 = 0, and let 𝑓 be given as 𝑓(𝑡) = 𝜋𝑝 for all 𝜋 > 0 and for some 𝑝 ≥  1. Then 

𝑑𝐹 is an ℱ-metric. 

The structure of ℱ-metric (𝑑𝐹) allows for the study of convergence, continuity, and compactness in a more generalized 

setting compared to traditional metric spaces. 

Definition 2.6. (Jleli & Samet, 2018). Let (𝐽, 𝑑𝐹) be an ℱ-metric space. 

(i) A sequence {𝑗𝑛} 𝜖 𝐽 is called ℱ-convergent to 𝑗 𝜖 𝐽 if {𝑗𝑛} converges to 𝑗 with respect to the ℱ-metric 𝑑𝐹. 

(ii) The sequence {𝑗𝑛} is said to be ℱ-Cauchy if  

lim
𝑛,𝑚 →∞

𝑑𝐹(𝑗𝑛, 𝑗𝑚)  =  0. 

(iii) The ℱ-metric space (𝐽, 𝑑𝐹) is called ℱ-complete if every ℱ-Cauchy sequence in 𝐽 is ℱ-convergent to a point 

in 𝐽. 
Definition 2.7. A fuzzy set in 𝐽 is a function with domain 𝐽 and range in [0, 1]. I.e., 𝑆 is a fuzzy set if 𝑆: 𝐽 → [0, 1]. 
Let ℱ(𝐽) denote the collection of all fuzzy subsets of 𝐽. For a fuzzy set 𝑆, 𝑆(𝑗) is termed the grade of membership of 

𝑗 in 𝑆 where 𝑗 ∈ 𝐽. The 𝛼-level set of 𝑆 denoted by [𝑆]𝛼 is defined as follows: 

[𝑆]𝛼 = { 𝑗 ∈ 𝐽 ∶  𝑆(𝑗) ≥ 𝛼}, for 𝛼 ∈ (0, 1], 
[𝑆]0 = closure of the set {𝑗 ∈ 𝐽 ∶  𝑆(𝑗) > 0}. 

Define ℐ(𝐽)  ⊂  ℱ(𝐽) as in the following: 

ℐ(𝐽)  =  {𝑆 ∈ ℱ(𝐽) ∶ [𝑆]𝛼 is compact and nonempty, 𝛼 ∈ (0, 1]}. 
Definition 2.8. (Abdullahi & Azam, 2017). Let (𝐿, ⪯𝐿) be a partially ordered set, then it is termed as a:  

i. lattice; if 𝑝 ⋁ 𝑞 𝜖 𝐿, 𝑝 ⋀ 𝑞 𝜖 𝐿 for any 𝑝, 𝑞 𝜖 𝐿, 
ii. complete lattice; if ⋁𝑃 𝜖 𝐿, ⋀ 𝑃 𝜖 𝐿 for any 𝑃 𝜖 𝐿,  

iii. distributive lattice; if 𝑝⋁(𝑞⋀𝑥) = (𝑝⋁𝑞)⋀(𝑝⋁𝑥), and 𝑝⋀(𝑞⋁𝑥) = (𝑝⋀𝑞)⋁(𝑝⋀𝑥) for any 𝑝, 𝑞 ∈ 𝐿, 

iv. complete distributive lattice; if 𝑝⋁(⋀𝑞𝑖) = ⋀𝑖(𝑝⋁𝑞𝑖), and 𝑝⋀(⋁𝑞𝑖) = ⋁𝑖(𝑝⋀𝑞𝑖) for any 𝑝, 𝑞𝑖 ∈ 𝐿, 
v. bounded lattice; if in addition to being lattice it has both top (1𝐿) and bottom (0𝐿) elements, that satisfy the 

following condition: 0𝐿 ⪯𝐿  𝑙 ⪯𝐿 1𝐿  for every 𝑙 ∈ 𝐿. 
Definition 2.9. (Abdullahi & Azam, 2017; Goguen, 1967). Let 𝐽 be a nonempty set. An 𝐿-fuzzy set 𝑆 on 𝐽 is a function 

𝑆: 𝐽 → 𝐿, where 𝐿 is bounded complete distributive lattice with top and bottom elements. 
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Definition 2.10. (Goguen, 1967). Let 𝐿 be a lattice, with 1𝐿 as its top element and 0𝐿 as its bottom element. Suppose 

that for 𝑝, 𝑞 𝜖 𝐿, we have 𝑝⋁𝑞 = 1𝐿  and 𝑝⋀𝑞 = 0𝐿  then 𝑞 is a unique complement of 𝑝 which is usually denoted as 𝑝́. 

Remark 2.11. (Abdullahi & Azam, 2017). If 𝐿 = [0, 1], the 𝐿-fuzzy set becomes a specific case of fuzzy sets (Zadeh, 

1965), indicating that 𝐿-fuzzy sets are a more general concept. 

Throughout, we let 𝑑𝐹 denote an ℱ-metric, so that (𝐽, 𝑑𝐹) represents an ℱ-metric space. Let ℬ(𝐽) denote the set of 

nonempty, closed and bounded subsets of 𝐽, and 𝒟(𝐽) denote the set of nonempty compact subsets of 𝐽. Let 𝑈, 𝑍 ∈
ℬ(𝐽), then we define 

𝑝𝛼𝐿
𝐹 (𝑗, 𝑈) = inf𝑟𝜖𝑈𝛼𝐿

𝑑𝐹(𝑗, 𝑟), 

𝑝𝛼𝐿
𝐹 (𝑈, 𝑍) = inf𝑗𝜖𝑈𝛼𝐿 ,𝑟𝜖𝑍𝛼𝐿

𝑑𝐹(𝑗, 𝑟), 

 and 𝑝𝐹(𝑈, 𝑍) = sup𝛼𝐿  𝑝𝛼𝐿
𝐹 (𝑈, 𝑍). Then, the Hausdorff metric 𝐻𝐹  on 𝒟(𝐽) induced by the ℱ-metric 𝑑𝐹 is defined as: 

𝐻𝐹(𝑈𝛼𝐿 , 𝑍𝛼𝐿) = max {sup𝑗𝜖𝑈𝛼𝐿
𝑑𝐹(𝑗, 𝑍𝛼𝐿), sup𝑟𝜖𝑍𝛼𝐿

𝑑𝐹(𝑟, 𝑈𝛼𝐿)}. 

Let ℱ𝐿(𝐽) denote the class of all 𝐿-fuzzy subsets of 𝐽. Let 𝒦𝐿(𝐽) ⊂ ℱ𝐿(𝐽) be defined as in the following: 

𝒦𝐿(𝐽) =  {𝑆 ∈ ℱ𝐿(𝐽) ∶  𝑆𝛼𝐿  is compact and nonempty, where 𝛼𝐿 ∈ 𝐿\{0𝐿}}. 

We define and denote the 𝛼𝐿-level set of an 𝐿-fuzzy set 𝑆 as in the following: 

𝑆𝛼𝐿 = {𝑗 ∈ 𝐽 ∶  𝛼𝐿 ⪯𝐿 𝑆(𝑗)} for 𝛼𝐿 ∈ 𝐿\{0𝐿},  

𝑆0𝐿 = the closure of the set {𝑗 ∈ 𝐽 ∶  0𝐿 ⪯𝐿 𝑆(𝑗)}. 

Let 𝑈, 𝑍 ∈ ℱ𝐿(𝐽), 𝑈 ⊂ 𝑍 ⟺ 𝑈(𝑗) ⪯𝐿 𝑍(𝑗) for every 𝑗 ∈ 𝐽. Suppose that there is an 𝛼𝐿 ∈ 𝐿\{0𝐿} so that the 𝛼𝐿-level 

sets of the 𝐿-fuzzy sets 𝑈 and 𝑍 are closed and bounded, i.e., 𝑈𝛼𝐿 , 𝑍𝛼𝐿 ∈ ℬ(𝐽). Then, 

𝐷𝛼𝐿
𝐹 (𝑈, 𝑍) = 𝐻𝐹(𝑈𝛼𝐿 , 𝑍𝛼𝐿). 

For every 𝛼𝐿 ∈ 𝐿\{0𝐿}, let 𝑈𝛼𝐿 , 𝑍𝛼𝐿 ∈ ℬ(𝐽). Then, 

𝑑𝐹𝐿
∞(𝑈, 𝑍) = sup𝛼𝐿𝐷𝛼𝐿

𝐹 (𝑈, 𝑍). 

It is not difficult to see that, 𝑑𝐹𝐿
∞ is an ℱ-metric on ℱ𝐿(𝐽) and that the completeness of the ℱ-metric space (𝐽, 𝑑𝐹) 

implies that (𝒟(𝐽), 𝐻𝐹) and (ℱ𝐿(𝐽), 𝑑𝐹𝐿
∞ ) are ℱ-complete. 

Definition 2.12. Let 𝐽 be a crisp set and 𝑅 be an ℱ-metric space. If 𝑄 ∶  𝐽 ⟶ ℱ𝐿(𝑅), then 𝑄 is termed an 𝐿-fuzzy 

mapping, which is subset on 𝐽 ×  𝑅 with membership function 𝑄(𝑗)(𝑟). The function 𝑄(𝑗)(𝑟) is the grade of 

membership of 𝑟 in 𝑇(𝑗). 
Definition 2.13. Let (𝐽, 𝑑𝐹) be an ℱ-metric space and 𝐼, 𝑄 ∶  𝐽 ⟶ 𝐹𝐿(𝐽). A point 𝑣 ∈ 𝐽 is termed common 𝐿-fuzzy 

fixed point of 𝐼 and 𝑄 if 𝑣 ∈ [𝐼𝑣]𝛼𝐿 ∩ [𝑄𝑣]𝛼𝐿, for some 𝛼𝐿 ∈ 𝐿\{0𝐿}. 

Remark 2.14. If 𝛼𝐿 = 1𝐿 , then the common 𝐿-fuzzy fixed point becomes the specific case termed common fixed point 

of the 𝐿-fuzzy mappings 𝐼 and 𝑄, indicating that 𝐿-fuzzy sets are a more general concept. 

 

3.0 COMMON 𝑳-FUZZY FIXED POINT THEOREMS 

In the sequel, we will recall some important results necessary for our findings before stating the theorem. 

Lemma 3.1. (Berinde, 1997). Let 𝜒 ∈ Ω. Then, the following properties hold: 

(i) For 𝑘 ≥ 1, each iterate 𝜒𝑘 of 𝜒 is a comparison function. 

(ii) 𝜒(𝜋) < 𝜋 for all 𝜋 > 0. 

(iii) 𝜒 is continuous at 0. 

Lemma 3.2. (Alansari et al., 2020). Let (𝐽, 𝑑𝐹) be an ℱ-metric space. Let 𝑈 and 𝑍 be nonempty, closed and compact 

subsets of 𝐽. Then for any 𝑢 ∈ 𝑈 there exists 𝑧 ∈ 𝑍 such that 𝑑𝐹(𝑢, 𝑧) ≤ 𝐻𝐹(𝑈, 𝑍). 
We are now ready to establish our common 𝐿-fuzzy fixed point existence result for some generalized contractive 𝐿-

fuzzy functions in the context of ℱ-complete ℱ-metric spaces. 

Theorem 3.3. Let (𝐽, 𝑑𝐹) be an ℱ-complete ℱ-metric space and 𝐼, 𝑄 ∶  𝐽 ⟶ 𝒦𝐿(𝐽) be 𝐿-fuzzy functions. Assume that 

for every 𝑗 ∈ 𝐽, there exist 𝛼𝐿 ∈ 𝐿\{0𝐿} such that [𝐼𝑗]𝛼𝐿 , [𝑄𝑗]𝛼𝐿 ∈ 𝒟(𝐽). Suppose that the following holds: 

𝐷𝛼𝐿
𝐹 (𝐼𝑗, 𝑄𝑟) ≤ 𝜒(Γ(𝑗, 𝑟))                                                                     (3.1) 

where 𝜒 ∈ Ω and 

Γ(𝑗, 𝑟) = max {𝑑𝐹(𝑗, 𝑟), 𝑝𝛼𝐿
𝐹 (𝑗, 𝐼𝑗), 𝑝𝛼𝐿

𝐹 (𝑟, 𝑄𝑟),
𝑝𝛼𝐿
𝐹 (𝑗, 𝐼𝑗) + 𝑝𝛼𝐿

𝐹 (𝑟, 𝑄𝑟)

2
}, 

for all 𝑗, 𝑟 ∈ 𝐽. Then, the functions 𝐼 and 𝑄 have at least a common 𝐿-fuzzy fixed point. 

Proof: Let 𝑗0 ∈ 𝐽 and 𝑗1  ∈  [𝐼𝑗0]𝛼𝐿. By Lemma 3.2 and the fact that [𝐼𝑗0]𝛼𝐿 is nonempty and compact subset of 𝐽, then 

there exists 𝑗2 ∈ [𝑄𝑗1]𝛼𝐿, such that 
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𝑑𝐹(𝑗1, 𝑗2) = 𝑝𝛼𝐿
𝐹 (𝑗1, 𝑄𝑗1) ≤  𝐻𝐹([𝐼𝑗0]𝛼𝐿 , [𝑄𝑗1]𝛼𝐿) = 𝐷𝛼𝐿

𝐹 (𝐼𝑗0, 𝑄𝑗1).                             (3.2) 

By (3.1) and (3.2), we have 

𝑑𝐹(𝑗1, 𝑗2) ≤ 𝐷𝛼𝐿
𝐹 (𝐼𝑗0, 𝑄𝑗1) ≤  𝜒(Γ(𝑗0, 𝑗1))      (3.3) 

where 

Γ(𝑗0, 𝑗1) ≤ max {𝑑𝐹(𝑗0, 𝑗1), 𝑝𝛼𝐿
𝐹 (𝑗0, 𝐼𝑗0), (𝑗1, 𝑄𝑗1),

𝑝𝛼𝐿
𝐹 (𝑗0,𝐼𝑗0)+𝑝𝛼𝐿

𝐹 (𝑗1,𝑄𝑗1)

2
} 

= max {𝑑𝐹(𝑗0, 𝑗1), 𝑝𝛼𝐿
𝐹 (𝑗0, 𝑗1), 𝑝𝛼𝐿

𝐹 (𝑗1, 𝑗2),
𝑝𝛼𝐿
𝐹 (𝑗0,𝑗1)+𝑝𝛼𝐿

𝐹 (𝑗1,𝑗2)

2
} 

≤ max{𝑑𝐹(𝑗0, 𝑗1), 𝑝𝛼𝐿
𝐹 (𝑗0, 𝑗1), 𝑝𝛼𝐿

𝐹 (𝑗1, 𝑗2)} 

Suppose that 𝑝𝛼𝐿
𝐹 (𝑗1, 𝑗2) is the maximum, then we have 

𝑑𝐹(𝑗1, 𝑗2) ≤ 𝜒(𝑝𝛼𝐿
𝐹 (𝑗1, 𝑗2)) < 𝑝𝛼𝐿

𝐹 (𝑗1, 𝑗2) ≤ 𝑑𝐹(𝑗1, 𝑗2) 

which is a contradiction. Hence 𝑑𝐹(𝑗0, 𝑗1) has to be the maximum. Now, equation (3.3) becomes 

𝑑𝐹(𝑗1, 𝑗2) ≤ 𝜒(𝑑𝐹(𝑗0, 𝑗1)). 

Similarly, continuous repetition of the process above will yield a sequence {𝑗𝑛}𝑛∈ℕ of elements of 𝐽 such that 𝑗2𝑛−1 ∈
[𝐼𝑗2𝑛−2]𝛼𝐿 and 𝑗2𝑛 ∈ [𝑄𝑗2𝑛−1]𝛼𝐿. Consequently, 

𝑑𝐹(𝑗2𝑛, 𝑗2𝑛+1) ≤ 𝜒(𝑑𝐹(𝑗2𝑛−1, 𝑗2𝑛)), 
and 

𝑑𝐹(𝑗2𝑛−1, 𝑗2𝑛) ≤ 𝜒(𝑑𝐹(𝑗2𝑛−2, 𝑗2𝑛−1)). 

Applying induction, for all 𝑛 ∈ ℕ, we get 

𝑑𝐹(𝑗𝑛 , 𝑗𝑛+1) ≤ 𝜒(𝑑𝐹(𝑗𝑛−1, 𝑗𝑛)) 

≤ 𝜒 (𝜒(𝑑𝐹(𝑗𝑛−2, 𝑗𝑛−1))) 

⋮ 

≤ 𝜒𝑛(𝑑𝐹(𝑗0, 𝑗1)). 

Now, we next show that the sequence {𝑗𝑛}𝑛∈ℕ is an ℱ-Cauchy sequence in 𝐽. Let 𝜓 > 0 be a given positive number 

and (𝑓, 𝛼) ∈ ℱ × [0,∞) such that the ℱ-metric condition is satisfied. By condition (ℱ2), there exists 𝜋 > 0 such that 

0 < 𝑠 < 𝜋 ⟹ 𝑓(𝑠) ≤ 𝑓(𝜋) −  𝛼.                                                     (3.4) 
Let 𝑁0 ∈ ℕ such that 

0 < ∑ 𝜒𝑛𝑑𝐹(𝑗0, 𝑗1)

𝑛≥𝑁0

< 𝜋.                                                             (3.5) 

Now, from (3.4), (3.5) and condition (ℱ2), we have 

𝑓 (∑ 𝜒𝑖𝑑𝐹(𝑗0, 𝑗1)

𝑚−1

𝑖=𝑛

) ≤ 𝑓 (∑ 𝜒𝑛𝑑𝐹(𝑗0, 𝑗1)

𝑛≥𝑁0

) ≤ 𝑓(𝜓) −  𝛼,                            (3.6) 

for 𝑚 > 𝑛 ≥ 𝑁0. So, using (3.6) and the ℱ-metric condition, we have 𝑑𝐹(𝑗𝑛, 𝑗𝑚) > 0. Subsequently, 

𝑓(𝑑𝐹(𝑗𝑛 , 𝑗𝑚)) ≤ 𝑓 (∑ 𝑑𝐹(𝑗𝑖 , 𝑗𝑖+1)

𝑚−1

𝑖=𝑛

) + 𝛼 ≤ 𝑓(𝜓). 

It follows from condition (ℱ1) that 

𝑑𝐹(𝑗𝑛 , 𝑗𝑚) <  𝜓, 𝑚 > 𝑛 ≥ 𝑁0. 
This shows that {𝑗𝑛}𝑛∈ℕ is an ℱ-Cauchy sequence. Hence, the ℱ-completeness of (𝐽, 𝑑𝐹) implies that there exists 𝑟∗ ∈
𝐽 such that 𝑗𝑛 → 𝑟∗ as 𝑛 → ∞. 

Now, to prove that 𝑟∗ ∈ [𝐼𝑟∗]𝛼𝐿. We assume for contradiction that 𝑝𝛼𝐿
𝐹 (𝑟∗, 𝐼𝑟∗) > 0. Then, by the ℱ-metric condition, 

we get 
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𝑓(𝑝𝛼𝐿
𝐹 (𝑟∗, 𝐼𝑟∗)) ≤ 𝑓(𝑑𝐹(𝑟∗, 𝑗2𝑛) + 𝑝𝛼𝐿

𝐹 (𝑗2𝑛 , [𝐼𝑟
∗]𝛼𝐿)) + 𝛼 ≤ 𝑓 (𝑑𝐹(𝑟

∗, 𝑗2𝑛) + 𝐻𝐹([𝑄𝑗2𝑛−1]𝛼𝐿 , [𝐼𝑟
∗]𝛼𝐿)) + 𝛼

≤ 𝑓 (𝑑𝐹(𝑟∗, 𝑗2𝑛) + 𝐷𝛼𝐿
𝐹 (𝑄𝑗2𝑛−1, 𝐼𝑟

∗)) + 𝛼

≤ 𝑓 (𝑑𝐹(𝑟∗, 𝑗2𝑛) + 𝜒(max{

𝑑𝐹(𝑗2𝑛−1, 𝑟
∗), 𝑝𝛼𝐿

𝐹 (𝑗2𝑛−1, 𝑄𝑗2𝑛−1), 𝑝𝛼𝐿
𝐹 (𝑟∗, 𝐼𝑟∗),

𝑝𝛼𝐿
𝐹 (𝑗2𝑛−1, 𝑄𝑗2𝑛−1) + 𝑝𝛼𝐿

𝐹 (𝑟∗, 𝐼𝑟∗)

2

})) + 𝛼

≤ 𝑓 (𝑑𝐹(𝑟∗, 𝑗2𝑛) + 𝜒(max{

𝑑𝐹(𝑗2𝑛−1, 𝑟
∗), 𝑝𝛼𝐿

𝐹 (𝑗2𝑛−1, 𝑗2𝑛), 𝑝𝛼𝐿
𝐹 (𝑟∗, 𝐼𝑟∗),

𝑝𝛼𝐿
𝐹 (𝑗2𝑛−1, 𝑗2𝑛) + 𝑝𝛼𝐿

𝐹 (𝑟∗, 𝐼𝑟∗)

2

}))+

≤ 𝑓 (𝑑𝐹(𝑟∗, 𝑗2𝑛) + 𝜒(max{

𝑑𝐹(𝑗2𝑛−1, 𝑟
∗), 𝑑𝐹(𝑗2𝑛−1, 𝑗2𝑛), 𝑝𝛼𝐿

𝐹 (𝑟∗, 𝐼𝑟∗),

𝑑𝐹(𝑗2𝑛−1, 𝑗2𝑛) + 𝑝𝛼𝐿
𝐹 (𝑟∗, 𝐼𝑟∗)

2

})) + 𝛼

≤ 𝑓 (𝑑𝐹(𝑟∗, 𝑗2𝑛) + 𝜒(Γ(𝑗2𝑛−1, 𝑟
∗))) + 𝛼.                                                                            (3.7) 

Let us analyze the possibility of a maximum in equation (3.7) by considering the following cases: 

Case I: If  Γ(𝑗2𝑛−1, 𝑟
∗) = 𝑑𝐹(𝑗2𝑛−1, 𝑟

∗), then (3.7) becomes 

𝑓(𝑝𝛼𝐿
𝐹 (𝑟∗, 𝐼𝑟∗)) ≤ 𝑓 (𝑑𝐹(𝑟∗, 𝑗2𝑛) + 𝜒(d𝐹(𝑗2𝑛−1, 𝑟

∗))) + 𝛼. 

By taking limits as 𝑛 → ∞, we obtain 

lim
𝑛→∞

𝑓 (𝑑𝐹(𝑟∗, 𝑗2𝑛) + 𝜒(d𝐹(𝑗2𝑛−1, 𝑟
∗))) + 𝛼 = −∞, 

which is a contradiction. 

Case II: If Γ(𝑗2𝑛−1, 𝑟
∗) =

𝑑𝐹(𝑗2𝑛−1,𝑗2𝑛)+𝑝𝛼𝐿
𝐹 (𝑟∗,𝐼𝑟∗)

2
, then (3.7) becomes 

𝑓(𝑝𝛼𝐿
𝐹 (𝑟∗, 𝐼𝑟∗)) ≤ 𝑓 (𝑑𝐹(𝑟∗, 𝑗2𝑛) + 𝜒 (

𝑑𝐹(𝑗2𝑛−1, 𝑗2𝑛) + 𝑝𝛼𝐿
𝐹 (𝑟∗, 𝐼𝑟∗)

2
)) + 𝛼. 

By Lemma 3.1 together with taking 𝛼 = 0 and the limit as 𝑛 → ∞ also yields a contradiction. 

Case III: If Γ(𝑗2𝑛−1, 𝑟
∗) = 𝑝𝛼𝐿

𝐹 (𝑟∗, 𝐼𝑟∗) then (3.7) becomes 

𝑓(𝑝𝛼𝐿
𝐹 (𝑟∗, 𝐼𝑟∗)) ≤ 𝑓 (𝑑𝐹(𝑟∗, 𝑗2𝑛) + 𝜒 (𝑝𝛼𝐿

𝐹 (𝑟∗, 𝐼𝑟∗))) + 𝛼. 

Taking the limit as 𝑛 → ∞ also yields a contradiction. 

Case IV: If Γ(𝑗2𝑛−1, 𝑟
∗) = 𝑑𝐹(𝑗2𝑛−1, 𝑗2𝑛), then (3.7) becomes 

𝑓(𝑝𝛼𝐿
𝐹 (𝑟∗, 𝐼𝑟∗)) ≤ 𝑓 (𝑑𝐹(𝑟∗, 𝑗2𝑛) + 𝜒(𝑑𝐹(𝑗2𝑛−1, 𝑗2𝑛))) + 𝛼. 

Taking 𝛼 = 0 and the limit as 𝑛 → ∞ also yields a contradiction. Therefore, 𝑝𝛼𝐿
𝐹 (𝑟∗, 𝐼𝑟∗) = 0, which implies that 𝑟∗ ∈

[𝐼𝑟∗]𝛼𝐿 , 𝛼𝐿  ∈ 𝐿\{0𝐿}. 

Similarly, we can show that 𝑟∗ ∈ [𝑄𝑟∗]𝛼𝐿. Thus, 𝑟∗ ∈ [𝐼𝑟∗]𝛼𝐿 ∩ [𝑄𝑟
∗]𝛼𝐿, implying that 𝑟∗ is a common fixed point of 

the 𝐿-fuzzy functions 𝐼 and 𝑄, completing the proof. □ 

We now present the following example to support the validity of our result above. 

Example 3.4. Let 𝐽 = [0, 1], 𝑑𝐹(𝑗, 𝑟) = |𝑗 − 𝑟| for all 𝑗, 𝑟 ∈ 𝐽, with 𝑓(𝜋) = ln 𝜋 for 𝜋 > 0 and 𝛼 = 0. Then (𝐽, 𝑑𝐹) 
is an ℱ-complete ℱ-metric space. Let 𝐿 = {𝛽, 𝜂, 𝜏, 𝜔} with 𝜔 ⪯𝐿 𝜂 ⪯𝐿 𝛽, and 𝜔 ⪯𝐿 𝜏 ⪯𝐿 𝛽, where 𝜂 and 𝜏 are not 

comparable. Then (𝐿, ⪯𝐿) is a complete distributive lattice. Now, we define 𝐼, 𝑄 ∶  𝐽 ⟶ 𝒦𝐿(𝐽) as in the following: 

𝐼(𝑗)(𝜋) =

{
 
 

 
 𝛽,         𝑖𝑓 0 ≤ 𝜋 ≤

𝑗

6
;

𝜂,         𝑖𝑓 
𝑗

6
< 𝜋 ≤

𝑗

4
;

𝜔,         𝑖𝑓 
𝑗

4
< 𝜋 ≤

𝑗

2
;

𝜏,         𝑖𝑓 
𝑗

2
< 𝜋 ≤ 1.
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𝑄(𝑗)(𝜋) =

{
 
 

 
 𝛽,         𝑖𝑓 0 ≤ 𝜋 ≤

𝑗

12
;

𝜂,         𝑖𝑓 
𝑗

12
< 𝜋 ≤

𝑗

8
;

𝜔,         𝑖𝑓 
𝑗

8
< 𝜋 ≤

𝑗

4
;

𝜏,         𝑖𝑓 
𝑗

4
< 𝜋 ≤ 1.

 

For every 𝑗 ∈ 𝐽, there exists 𝛼𝐿 = 𝛽 for which 

[𝐼𝑗]𝛽 = [0,
𝑗

6
]      and     [𝑄𝑗]𝛽 = [0,

𝑗

12
]. 

For each 𝑗, 𝑟 ∈ 𝐽, we have 

𝐷𝛽
𝐹(𝐼𝑗, 𝑄𝑟) ≤ 𝐻𝐹([𝐼𝑗]𝛽 , [𝑄𝑟]𝛽) 

= 𝐻𝐹 ([0,
𝑗

6
] , [0,

𝑟

12
]) 

=
1

12
|𝑗 − 𝑟| 

<
1

6
|𝑗 − 𝑟| 

= 𝜒|𝑗 − 𝑟| 

≤ 𝜒 (max {|𝑗 − 𝑟|, |𝑗 −
𝑗

6
| , |𝑟 −

𝑟

12
|}) 

= 𝜒(max {𝑑𝐹(𝑗, 𝑟), 𝑝𝛽
𝐹(𝑗, 𝐼𝑗), 𝑝𝛽

𝐹(𝑟, 𝑄𝑟),
𝑝𝛽
𝐹(𝑗, 𝐼𝑗) + 𝑝𝛽

𝐹(𝑟, 𝑄𝑟)

2
}), 

where 𝜒(𝜋) = 𝜋 for all 𝜋 > 0. It is not difficult to see that all the conditions of Theorem 3.3 are satisfied. Therefore, 

there exists an element 0 ∈ 𝐽 so that 0 ∈ [𝐼0]𝛽 ∩ [𝑄0]𝛽 . . 

As consequences of the theorem above, we provide the following important corollaries. 

Corollary 3.5. Let (𝐽, 𝑑𝐹) be an ℱ-complete ℱ-metric space and 𝐼, 𝑄 ∶  𝐽 ⟶ 𝒦𝐿(𝐽) be 𝐿-fuzzy functions. Assume that 

for every 𝑗 ∈ 𝐽, there exist 𝛼𝐿 ∈ 𝐿\{0𝐿} such that [𝐼𝑗]𝛼𝐿 , [𝑄𝑗]𝛼𝐿 ∈ 𝒟(𝐽). Suppose that for all 𝑗, 𝑟 ∈ 𝐽, the following 

holds: 

𝐷𝛼𝐿
𝐹 (𝐼𝑗, 𝑄𝑟) ≤ 𝜒(max{𝑑𝐹(𝑗, 𝑟), 𝑝𝛼𝐿

𝐹 (𝑗, 𝐼𝑗), 𝑝𝛼𝐿
𝐹 (𝑟, 𝑄𝑟)}) 

where 𝜒 ∈ Ω. Then, the functions 𝐼 and 𝑄 have at least a common 𝐿-fuzzy fixed point. 

Corollary 3.6. Let (𝐽, 𝑑𝐹) be an ℱ-complete ℱ-metric space and 𝑄 ∶  𝐽 ⟶ 𝒦𝐿(𝐽) be 𝐿-fuzzy function. Assume that 

for every 𝑗 ∈ 𝐽, there exist 𝛼𝐿 ∈ 𝐿\{0𝐿} such that [𝑄𝑗]𝛼𝐿 ∈ 𝒟(𝐽). Suppose that the following holds: 

𝐷𝛼𝐿
𝐹 (𝑄𝑗, 𝑄𝑟) ≤ 𝜒(Γ(𝑗, 𝑟)) 

where 𝜒 ∈ Ω and 

Γ(𝑗, 𝑟) = max {𝑑𝐹(𝑗, 𝑟), 𝑝𝛼𝐿
𝐹 (𝑗, 𝑄𝑗), 𝑝𝛼𝐿

𝐹 (𝑟, 𝑄𝑟),
𝑝𝛼𝐿
𝐹 (𝑗, 𝑄𝑗) + 𝑝𝛼𝐿

𝐹 (𝑟, 𝑄𝑟)

2
} 

for all 𝑗, 𝑟 ∈ 𝐽. Then, the function 𝑄 has at least an 𝐿-fuzzy fixed point. 

Corollary 3.7. Let (𝐽, 𝑑𝐹) be an ℱ-complete ℱ-metric space and 𝑄 ∶  𝐽 ⟶ 𝒦𝐿(𝐽) be 𝐿fuzzy function. Assume that for 

every 𝑗 ∈ 𝐽, there exist 𝛼𝐿 ∈ 𝐿\{0𝐿} such that [𝑄𝑗]𝛼𝐿 ∈ 𝒟(𝐽). Suppose that for all 𝑗, 𝑟 ∈ 𝐽, the following holds: 

𝐷𝛼𝐿
𝐹 (𝑄𝑗, 𝑄𝑟) ≤ 𝜒(max{𝑑𝐹(𝑗, 𝑟), 𝑝𝛼𝐿

𝐹 (𝑗, 𝑄𝑗), 𝑝𝛼𝐿
𝐹 (𝑟, 𝑄𝑟)}) 

where 𝜒 ∈ Ω. Then, the function 𝑄 has at least an 𝐿-fuzzy fixed point. 

Corollary 3.8. (Alansari et al., 2020). Let (𝐽, 𝑑𝐹) be an ℱ-complete ℱ-metric space and 𝐼, 𝑄 ∶  𝐽 ⟶ ℐ(𝐽) be fuzzy 

functions. Assume that for every 𝑗 ∈ 𝐽, there exist 𝛼𝐼(𝑗), 𝛼𝑄(𝑗) ∈ (0, 1] such that [𝐼𝑗]𝛼𝐼(𝑗), [𝑄𝑗]𝛼𝑄(𝑗) ∈ 𝒟(𝐽). Suppose 

that the following holds: 

𝐻𝐹 ([𝐼𝑗]𝛼𝐼(𝑗), [𝑄𝑟]𝛼𝑄(𝑟)) ≤ 𝜒(Γ(𝑗, 𝑟)) 

where 𝜒 ∈ Ω and 

Γ(𝑗, 𝑟) = max{𝑑𝐹(𝑗, 𝑟), 𝑑𝐹(𝑗, [𝐼𝑗]𝛼𝐼(𝑗)), 𝑑𝐹 (𝑟, [𝑄𝑟]𝛼𝑄(𝑟)) ,
𝑑𝐹(𝑗, [𝐼𝑗]𝛼𝐼(𝑗)) + 𝑑𝐹 (𝑟, [𝑄𝑟]𝛼𝑄(𝑟))

2
}, 

for all 𝑗, 𝑟 ∈ 𝐽. Then, the functions 𝐼 and 𝑄 have at least a common fuzzy fixed point. 
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Corollary 3.9. Let (𝐽, 𝑑𝐹) be an ℱ-complete ℱ-metric space and 𝐼, 𝑄 ∶  𝐽 ⟶ ℐ(𝐽) be fuzzy functions. Assume that for 

every 𝑗 ∈ 𝐽, there exist 𝛼𝐼(𝑗), 𝛼𝑄(𝑗) ∈ (0, 1] such that [𝐼𝑗]𝛼𝐼(𝑗), [𝑄𝑗]𝛼𝑄(𝑗) ∈ 𝒟(𝐽). Suppose that for all 𝑗, 𝑟 ∈ 𝐽, the 

following holds: 

𝐻𝐹 ([𝐼𝑗]𝛼𝐼(𝑗), [𝑄𝑟]𝛼𝑄(𝑟)) ≤ 𝜒 (max {𝑑𝐹(𝑗, 𝑟), 𝑑𝐹(𝑗, [𝐼𝑗]𝛼𝐼(𝑗)), 𝑑𝐹 (𝑟, [𝑄𝑟]𝛼𝑄(𝑟))}) 

where 𝜒 ∈ Ω. Then, the functions 𝐼 and 𝑄 have at least a common fuzzy fixed point. 

Corollary 3.10. Let (𝐽, 𝑑𝐹) be an ℱ-complete ℱ-metric space and 𝑄 ∶  𝐽 ⟶ ℐ(𝐽) be a fuzzy function. Assume that for 

every 𝑗 ∈ 𝐽, there exists 𝛼𝑄(𝑗) ∈ (0, 1] such that [𝑄𝑗]𝛼𝑄(𝑗) ∈ 𝒟(𝐽). Suppose that the following holds: 

𝐻𝐹 ([𝑄𝑗]𝛼𝐼(𝑗), [𝑄𝑟]𝛼𝑄(𝑟)) ≤ 𝜒(Γ(𝑗, 𝑟)) 

where 𝜒 ∈ Ω and 

Γ(𝑗, 𝑟) = max{𝑑𝐹(𝑗, 𝑟), 𝑑𝐹(𝑗, [𝑄𝑗]𝛼𝐼(𝑗)), 𝑑𝐹 (𝑟, [𝑄𝑟]𝛼𝑄(𝑟)) ,
𝑑𝐹(𝑗, [𝑄𝑗]𝛼𝐼(𝑗)) + 𝑑𝐹 (𝑟, [𝑄𝑟]𝛼𝑄(𝑟))

2
}, 

for all 𝑗, 𝑟 ∈ 𝐽. Then, the function 𝑄 has at least a fuzzy fixed point. 

Corollary 3.11. Let (𝐽, 𝑑𝐹) be an ℱ-complete ℱ-metric space and 𝑄 ∶  𝐽 ⟶ ℐ(𝐽) be fuzzy functions. Assume that for 

every 𝑗 ∈ 𝐽, there exists 𝛼𝑄(𝑗) ∈ (0, 1] such that [𝑄𝑗]𝛼𝑄(𝑗) ∈ 𝒟(𝐽). Suppose that for all 𝑗, 𝑟 ∈ 𝐽, the following holds: 

𝐻𝐹 ([𝑄𝑗]𝛼𝐼(𝑗), [𝑄𝑟]𝛼𝑄(𝑟)) ≤ 𝜒 (max {𝑑𝐹(𝑗, 𝑟), 𝑑𝐹(𝑗, [𝑄𝑗]𝛼𝐼(𝑗)), 𝑑𝐹 (𝑟, [𝑄𝑟]𝛼𝑄(𝑟))}) 

where 𝜒 ∈ Ω. Then, the function 𝑄 has at least a fuzzy fixed point. 

Corollary 3.12. Let (𝐽, 𝑑𝐹) be an ℱ-complete ℱ-metric space and 𝐼, 𝑄 ∶  𝐽 ⟶ 𝒟(𝐽) be multi-valued functions. 

Suppose that for all 𝑗, 𝑟 ∈ 𝐽, the following holds: 

𝐻𝐹(𝐼𝑗, 𝑄𝑟) ≤ 𝜒 (max {𝑑𝐹(𝑗, 𝑟), 𝑑𝐹(𝑗, 𝐼𝑗), 𝑑𝐹(𝑟, 𝑄𝑟),
𝑑𝐹(𝑗, 𝐼𝑗) + 𝑑𝐹(𝑟, 𝑄𝑟)

2
}) 

where 𝜒 ∈ Ω. Then, the functions 𝐼 and 𝑄 have at least a common fixed point. 

Corollary 3.13. Let (𝐽, 𝑑𝐹) be an ℱ-complete ℱ-metric space and 𝐼, 𝑄 ∶  𝐽 ⟶ 𝒟(𝐽) be multi-valued functions. 

Suppose that for all 𝑗, 𝑟 ∈ 𝐽, the following holds: 

𝐻𝐹(𝐼𝑗, 𝑄𝑟) ≤ 𝜒(max{𝑑𝐹(𝑗, 𝑟), 𝑑𝐹(𝑗, 𝐼𝑗), 𝑑𝐹(𝑟, 𝑄𝑟)}) 
where 𝜒 ∈ Ω. Then, the functions 𝐼 and 𝑄 have at least a common fixed point. 

Corollary 3.14. Let (𝐽, 𝑑𝐹) be an ℱ-complete ℱ-metric space and 𝑄 ∶  𝐽 ⟶ 𝒟(𝐽) be a multi-valued function. Suppose 

that for all 𝑗, 𝑟 ∈ 𝐽, the following holds: 

𝐻𝐹(𝑄𝑗, 𝑄𝑟) ≤ 𝜒 (max {𝑑𝐹(𝑗, 𝑟), 𝑑𝐹(𝑗, 𝑄𝑗), 𝑑𝐹(𝑟, 𝑄𝑟),
𝑑𝐹(𝑗, 𝑄𝑗) + 𝑑𝐹(𝑟, 𝑄𝑟)

2
}) 

where 𝜒 ∈ Ω. Then, the function 𝑄 has at least a fixed point. 

Corollary 3.15. Let (𝐽, 𝑑𝐹) be an ℱ-complete ℱ-metric space and 𝑄 ∶  𝐽 ⟶ 𝒟(𝐽) be a multi-valued function. Suppose 

that for all 𝑗, 𝑟 ∈ 𝐽, the following holds: 

𝐻𝐹(𝑄𝑗, 𝑄𝑟) ≤ 𝜒(max{𝑑𝐹(𝑗, 𝑟), 𝑑𝐹(𝑗, 𝑄𝑗), 𝑑𝐹(𝑟, 𝑄𝑟)}) 
where 𝜒 ∈ Ω. Then, the function 𝑄 has at least a fixed point. 

Corollary 3.16. Let (𝐽, 𝑑𝐹) be an ℱ-complete ℱ-metric space and 𝑄 ∶  𝐽 ⟶ 𝒟(𝐽) be a multi-valued function. Suppose 

that for all 𝑗, 𝑟 ∈ 𝐽, the following holds: 

𝐻𝐹(𝑄𝑗, 𝑄𝑟) ≤ 𝜆 𝑑𝐹(𝑗, 𝑟) 
where 𝜆 ∈ (0, 1). Then, the function 𝑄 has at least a fixed point. 

Corollary 3.17. (Jleli & Samet, 2018). Let (𝐽, 𝑑𝐹) be an ℱ-complete ℱ-metric space and 𝑄 ∶  𝐽 ⟶ 𝒟(𝐽) be a single-

valued function. Suppose that for all 𝑗, 𝑟 ∈ 𝐽, the following holds: 

𝑑𝐹(𝑄𝑗, 𝑄𝑟) ≤ 𝜆 𝑑𝐹(𝑗, 𝑟) 
where 𝜆 ∈ (0, 1). Then, the function 𝑄 has a unique fixed point. 
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