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ABSTRACT
A maximum likelihood estimator is guaranteed to exist, provided specific regularity conditions are met to ensure a
well-defined likelihood function and achievable maximization. This paper considered the existence and uniqueness of
the maximum likelihood estimates (MLE) of the exponentiated BurrXIl Poisson (EBXIIP) distribution under some

possible conditions.
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1.0 INTRODUCTION

Maximum Likelihood Estimation (MLE) stands as a
crucial statistical method widely employed for parameter
estimation in various models (Osi et al, 2024). It holds
significance in providing estimates that maximize the
likelihood function, offering efficient and asymptotically
unbiased parameter values. MLE plays a pivotal role in
both frequentist and Bayesian statistics, providing a solid
foundation for statistical inference.

Likewise, Profile likelihood, on the other hand, is an
essential tool that refines MLE by examining the
behaviors of the likelihood function along a profile or
restricted parameter space. It aids in constructing
confidence intervals and understanding parameter
uncertainties, providing a nuanced perspective on the
reliability of MLE estimates.

Together, MLE and profile log likelihood enhance the
precision of parameter estimates, contributing to robust
statistical analyzes and informed decision-making in a
wide array of disciplines.

The existence of maximum likelihood estimates is
guaranteed under regularity conditions, ensuring the
likelihood function is well-defined and maximization is
achievable. Unigueness is contingent on the uniqueness
of the global maximum, which is often assured when the
parameter space is well-behaved and the likelihood
function is concave. This has been considered for many
distributions by many authors in literature. For instance,
the work of (Adamidis and Loukas, 1998) delves into the
existence and uniqueness of MLEs of the exponential
geometric. Similarly, (Kus, 2007), address this for the
exponential Poisson (EP) distribution, Abdullahi et al
(2023), for the Transform Transmuted Rayleigh
distribution, and Wang et al. (2022) for the enhanced
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version of Weibull distribution named improved
Weibull-Weibull distribution, among others. It has also
been considered by Muhammad and Liu (2019) on a new
extension of generalized half logistic distribution and
recently by Alomair et al. (2024) for the exponentiated
XLindley distribution. Readers are also suggested to see
Zhu and Balakrishnan (2022), Shrahili et al. (2022),
Alanzi et al (2023), Muhammad et al. (2024) and
Mohammad et al (2024) for more related discussions.

It is important to note that, the existence of MLEs is not
guaranteed in all cases. Tumlinson (2015) demonstrated,
for example, the non-existence of MLEs for the extended
exponential power distribution (EEP) and its
generalizations.

Consequently, in this paper, we aim to study the shape
properties of the EBXIIP. In this respect, the behaviour
of the distribution’s PDF is discussed. Furthermore, we
establish the uniqueness and existence of the MLEs of the
EBXIIP parameters.

We derive some shape properties of EBXIIP in Section 2,
and discuss the existence and unigueness of the MLEs of
the exponentiated BurrXI1 Poisson (EBXIIP) distribution
under some possible conditions in Section 3; then
conclusion in Section 4.

2.0 ON THE FOUR PARAMETER EBXIIP

Here, we provided some shape and limiting properties of
the EBXIIP which was not considered by (da Silva et al.
2015).

The EBXIIP distribution was introduced and studied by
(da Silva et al. 2015), some important properties,
estimation by maximum likelihood and applications of
the EBXIIP were considered but the asymptotic behavior
and the nature of roots of the maximum likelihood
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estimators were not considered. A random variable X | and probability density function (PDF) are given
has EBXIIP if its cumulative distribution function (CDF) | respectively as:

1—exp(-AA—(1+x*)7))
(1-exp(-4))
aaBAX " (1— 1+ x*) ) exp(=A(L— 1+ x*) 7)) o
(1-exp(=A))(@+ x*)**!
Theorem 1: The behavior of the limit of the PDF of the EBXIIP as specified in equation (2) are:

. o a<l,a<l
@ limf(x)=
X0 0 a>1, a=1

F(x)= 1)

f(x)=

00 O<ax<l
(2) For a =1, Iirrgf(x): 0 a>1
/5’/1_1 a=1
1-e

@3 lim f(x)=0,for « <land Va>0

(4) The limiting distribution of the (1) as 4 — 0"islim _ . F(x)=(1-(@1+ X“))?  ie. it converges to
exponentiated BurrXII distribution.

Proof: The proof is straightforward calculation by taking the limits.

Theorem 2: For @ €(0,1]and a € (0,1], the PDF of the EBXIIP as expressed by (2) is a monotone decreasing
function, and unimodal for & >1anda >1.

Proof: The first derivative of 10g f (X) in (2) is:
d(log f () _a-1_a(f+Dx*" N (@a-DapBx“"! _aafAx T (- 1+x") )
dx X (1+x%) L+ x“)Y"" (1-([1+x*)7) (L+x*)"™
For o €(0,1]and a € (0,1], d(log f (x))/dx <0, thus, f(X)ismonotone decreasing. Suppose thata >1, then
f (X) has exactly one root say X, . Therefore, if; X < X,,then f(X)>0,and if X > X, then f(X) <0, hence,

f (X) is a unimodal with mode at X = X, .

3.0 MAIN RESULTS
Here, we provided the maximum likelihood estimation (MLE) equations as given in (da Silva et al. 2015). Consider

X,(i=12,...,n) as a randomly selected sample of size n obtained from the EBXIIP model where the observed
values are X;, X, ..., X, . The MLEs of 6 = (a,ﬂ,/l,g)T are determined by maximizing the function log - likelihood
of @ (log ((6)) expressed by
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log{(@) =nloga+nloga+nlog f+nlog A—nlog(l—exp(—A1))

+(a —I)Zn: log x. — (ﬂ+l)ilog(1+ X")

n n
+ (- l)z log(1—(1+x*)7) - AZ Q- (1+x5)7")?
i=1 i=1
Alternatively, through the concurrent resolution of the subsequent nonlinear equations:

o n B X logx X" log x;
= +Z|ogx (,B+I)Z +(a )'Bz(l L+ X)) L+ x*) P

o v ' ®
x* log x, (1—(L+ x{”)’ﬁ)é"1
—ap ZZ L+ )7
log(L+x*)(L— L+ x*) ")+

aﬂ ﬂ Z_lllog(1+x) aﬂz )

@)
)Z log(1+x")
S - (%) YA )

ol _n_ nexp(-4) <’ a\-fra

27 ewihy 24D 5)

=T Y logl- () )= AY (- () ) logld- @) ) ®

Now, we can discuss the uniqueness and existence of the MLEs of the parameters «, 5 and A under certain potential

conditions. Similarly, the properties, uniqueness and existence for the complementary exponentiated BurrXI1-Poisson
(CEBXIIP) MLEs were examined by (Mustapha, 2017).

Theorem 3: Suppose gl(a, a, [, A, Xi) represent the function on the RHS of (3), where &, [ and A are the actual
parameter values, then, the root of g, (e, 8, 3, 4, X.) =0 can take one of the following conditions.

(@ For Max{X,}<land a>1

(b) For Min{X-}>1and a>1
Proof: fora>1, lim__; g,(a, B, A, %) =0 &lim___g,(a, B, A, %)= azzidlog X, —ﬂzzi>llog X, . To
show that g, < Oasa — oo, we consider these cases.

1. 1EMax{X,} <1, then, lim___ g,(a; B, A,%) = aZ:idlog x <0

2. 1fMax{X,}>1, then, lim___g,(a;B,1,%)= —,BZ:i>llog X, <0

3. If Min{X,}>1and Max{X,} <1, then,

m,_. 0,(c; B, A, %) = aZ:idlog X, _/’72;>1|°9 x <0

Therefore, g, <0 inall cases, if and only if X %=1, for somei =1,2,...,n. Since g, is continuous, thus, there exist

at least one root for g, (a; 5,4, %) =0.
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Theorem 4: Suppose 0,(/f;@,a, 4, X;) represent the function on the RHS of (4), where @, zand A are the actual
parameter values, then, the equation g, (@, cr, 4, %) =0, has at least a root for @ = 1and fora =1, the root lies

in the interval (N((1+ Z)Zin:llog(1+ Xi“))fl,n(zrl log(L+x)) ™).

Proof: For a=1 , let w,= lzrllc()ff:))(ﬁ) W, is strictly decreasing in S , then,
lim,_,w, ==Y " log(L+X*) andlim,_,, w, =0, thus,
gz(ﬂ;a,a,ﬂ,,xi)>——Z::llog(1+xf‘)+limﬁ_)o =——(z+1)z log(1+ x*)
Then, /

n

g,(Ba,a,4,%)>0When < -
2 (A+1)D. log+x")

and
9. (Bia.a,4,%) < %—Zf_llog(H X)+lim g, w, =%—Z:_1Iog(l+ X“)

Then,

9,(fa,a,4,%) <0when S > n

> log(L+x)
Hence, g, = 0 possesses minimum of one root in (N(1+ A)Z::llog(lJr X7 n(zin:llog(1+ XN

For a=1l
lim,_, g, =0, then, we prove that lim, . g, <0.

. n
lim, ., g,= _Zi:1|09(1+ X) <0, since g, is continuous function and monotone which declines from positive

to negative values, therefore, g,(/f;a,a, 4, X;) = 0has at least a root.
Theorem 5: Suppose g,(A4;a,c, f3,X;) represent the function on the RHS of (5); a,c and J be the actual

n _
parameter values, then, g,(4; @, &, £, %;) = 0 gets at minimum of one root forE > zin:l log(1- (L+x*)™7#)*

1 exp(-4)
A 1-exp(-A4)

g, <lim,_ w, —Zizllog(l— A+x) ") = —Zi”:llog(l— A+x")")* <0.

w, =0, therefore,

A—

Proof: Let W, —n{ } , W, is strictly decreasing in A , then, lim

Then again, lim, |, w, = g , therefore,

. n ax—fB\a n n a\-p\a
gs > lim,_,w, — > log(l—(1+x7)") =E—Zizllog(1—(1+ x*)*)* <0, thus,
g, > OWheng >3 log(l—(1+ X))

n
Hence, g, = 0 has at least one root when > > Z log(1—(L+x*)7")?
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Theorem 6: Let g,(&; cx, 3, A, X;) be the function on the RHS of (6), where a, B and A are the actual parameter
values, then for A<l the root of g,(a;a,f,4,%)=0 lies in the interval

-Nn -Nn
> log(L-(1+x7)7) ’ @-A)>." logd—(1+x)7)

Proof: Let W, :—lzin:llog(l—(1+ X)) log(L—(L+x*)7) , w, is strictly decreasing in a , and

, and is unique.

lim, o w, =—A " log(l—(1+X%*)"), we have that,

g, < L Z?_llog(l— QA+ x) ) +lim_,w, = n_ (A —l)z,n_llog(l— @+x*)7), thus, g, <Oif
a = a =
-n

< .
(1-A)" log(—(1+x)")
Onone hand, lim, , w, =0, so,

a

g4>g+zrllog(1—(1+xi“)ﬁ)+|ima_mw4:§+zi”1|og(l—(1+xi“)'B) . thus, g >0 whenever

—N
a> , hence we have that, for A<l the root of g,=0 , lies in

> log(l—(1+x7) ")
-n -n
> log-(1+x7)7) ’ @-A)>" logd—(1+x)7)

show that g; < 0. And g} = —%—/IZ:zl(l— @+ x*) ") (log(l— @+ x*)*))? <0.

. To demonstrate the uniqueness of the root, we
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