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ABSTRACT 
A cone normed space is one of the generalizations of normed space in which the codomain of normed space is 

replaced by an ordered real Banach space. In this paper, some properties of the dual, in particular bi-dual in the 

setting of cone normed space were studied. This allows us to define the notion of reflexivity with respect to cone 

normed space and proved the necessary and sufficient condition for a cone normed space to be reflexive. 
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1.0 INTRODUCTION 

Rzepecki (1980) was the first to introduce the notion of 

cone metric and cone norm where the metric is defined 

in such away that 𝑑𝐸: 𝑋 × 𝑋 → 𝑆 where 𝑑𝐸 is a metric 

on a set 𝑋, 𝐸 is a Banach space and 𝑆 is a normal cone 

in 𝐸 with a partial order " ≤ ". This concept serves as a 

generalization of a metric on a set 𝑋 known as the cone 

metric on 𝑋. Later on (Huang & Zhang, 2007) gives 

another definition of cone metric where they replaced 

the space of real numbers as the codomain of metric by 

an ordered real Banach space and proved some fixed 

point theorems of contractive mapping in this new 

setting. Since then, many authors have used this 

concept in generalizing the notion of cone metric space 

to cone normed space. As an example, (Eshaghi et al., 

2012) proved Banach Steinhaus theorem and Baire's 

category in cone normed space while (Tamang & Bag, 

2019) studied some results in fixed point of fuzzy cone 

normed linear space where they extend the fixed point 

theorems of Banach, Kannan and Chatterjee to fuzzy 

cone normed linear space. Also, (Yusuf et al., 2020) 

studied the dual of cone normed space and proved the 

Hahn-Banach theorem in the setting of cone normed 

spaces. Donuan & Jonard-Perez (2020) proved that the 

topological structure and the covering dimension of an 

asymmetric normed space with finite dimension may 

be expressed in terms of specific algebraic properties. 

A study on nonsymmetric cone normed space was done 

by (Ilkhan, 2020) where they introduced some 

topological concepts of asymmetric cone normed 

spaces. Yang & Zhu (2021) gives some concepts of 

cone b-norm and cone b-Banach spaces and established 

some fixed point theorems. I-convergence in fuzzy 

cone normed space was studied by (Guler, 2021) while 

(Yusuf & Garba, 2021) extend the concept of cone 

normed space to cone inner product space over Banach 

algebra and establish some properties such as Cauchy 

Schwarz inequality, parallelogram identity and 

Pythagoras theorem. Various types of cone metric 

space and their characterization was given and studied 

by (Abou Bakr & Mohamed, 2023) and also considered 

some generalized contraction types of mapping on 𝜃-

complete cone metric like spaces. Gurdal (2023) 

extended some existing theories on convergence 

sequences in fuzzy cone normed space to lacunary 

ideal convergence.  The purpose of this paper therefore 

is to investigate some properties of dual and bi-dual of 

cone normed space and establish the necessary and 

sufficient condition for a cone normed space to be 

reflexive. A non-empty subset 𝑃 of a Banach space 𝐸 

is said to be a cone if 

i) 𝑃 + 𝑃 ⊆ 𝑃 Closure under vector addition, 

j) 𝜆𝑃 ⊆ 𝑃∀𝜆 ≥ 0 Closure under scalar 

multiplication. 

 

If in addition, 𝑃 ∩ {−𝑃} = {0}, then 𝑃 is called a 

pointed cone. Some authors, used to refer to a cone as 

a pointed cone as simply a cone and a cone as a 

wedge.We define a partial ordering ≤ with respect to 

𝑃 by 𝑥 ≤ 𝑦 if and only if 𝑦 − 𝑥 ∈ 𝑃 while the 

ordering " ≪ " with respect to 𝑃 by 𝑥 ≪ 𝑦 if and only 

if 𝑦 − 𝑥 ∈ int 𝑃, for a given cone 𝑃 ⊆ 𝐸, where 𝐸 is a 

Banach space, int 𝑃 denote the interior of 𝑃. Note that 

𝑦 − 𝑥 ∈ int 𝑃 implies 𝑦 − 𝑥 ∈ 𝑃 but the reverse is not 

always the case. Thus, 𝑥 ≪ 𝑦 ⇒ 𝑥 ≤ 𝑦. 

 

2.0 PRELIMINARY 

Definition 𝟏(Eshaghi et al., 2012): Let 𝑋 be a real 

vector space. Suppose that a mapping ∥⋅∥𝑐: 𝑋 → 𝐸 

where 𝐸 is a real Banach space, satisfies: 

1) ∥ 𝑥 ∥𝑐≥ 0∀𝑥 ∈ 𝑋, 

2) ∥ 𝑥 ∥𝑐= 0 ⇔ 𝑥 = 0∀𝑥 ∈ 𝑋, 

3) ∥ 𝛼𝑥 ∥𝑐= |𝛼| ∥ 𝑥 ∥𝑐 ∀𝑥 ∈ 𝑋 and 𝛼 ∈ ℝ, 

4) ∥ 𝑥 + 𝑦 ∥𝑐≤∥ 𝑥 ∥𝑐 +∥ 𝑦 ∥𝑐 ∀𝑥, 𝑦 ∈ 𝑋. 

Then, ∥⋅∥𝑐 is a cone norm on 𝑋 and the pair (𝑋, ∥⋅∥𝑐) a 

cone normed space. 

For example of cone normed spaces, see (Eshaghi et 

al.,2012). 

 

Definition 𝟐 (Eshaghi et al.,2012): Let (𝑋, ∥⋅∥𝑐) be a 

cone normed space. A sequence {𝑥𝑛} ∈ 𝑋 is said to be 
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1) Cauchy, if for every 0 ≪ 𝑐 with 𝑐 ∈ 𝐸 there 

exist 𝑁 ∈ ℕ such that ∥∥𝑥𝑛 − 𝑥𝑚∥∥𝑐
≪

𝑐 ∀𝑛, 𝑚 ≥ 𝑁. 

2) convergent to 𝑥, if for every 0 ≪ 𝑐 with 𝑐 ∈
𝐸 there exist 𝑁 ∈ ℕ such that ∥∥𝑥𝑛 − 𝑥∥∥𝑐

≪

𝑐 ∀𝑛 ≥ 𝑁 
(𝑋, ∥⋅∥𝑐) is said to be a complete cone normed space or 

cone Banach space if every Cauchy sequence 

converge. 

Throughout this paper, 𝐸 will be a real Banach space, 

𝑃 a cone, ∥⋅∥𝑐 a cone norm, 𝑋𝑐 = (𝑋, ∥⋅∥𝑐) a cone 

normed space and (𝑋, ∥⋅∥) the classical normed space. 

ℒ(𝑋𝑐 , 𝑌𝑐) will be the linear space of all continuous 

linear mappings from 𝑋𝑐 to 𝑌𝑐, i.e 𝑇: 𝑋𝑐 → 𝑌𝑐 such that 

𝑇 ∈ ℒ(𝑋𝑐 , 𝑌𝑐), and ℒ(𝑋, 𝑌) the space of all continuous 

linear mappings from the classical normed space (𝑋, ∥
⋅∥) to (𝑌, ∥⋅∥).  

 

Lemma 1(Eshaghi et al.,2012): Let 𝑋𝑐 and 𝑌𝑐 be two 

cone normed spaces and 𝑓: 𝑋𝑐 → 𝑌𝑐 be a linear 

mapping. Then the following are equivalent: 

i) (Continuity at a point) For some fixed 𝑥𝑜 ∈ 𝑋 we 

have: Given 0 ≪ 𝑐 there is a 0 ≪ 𝑡 such that 

∥∥𝑓(𝑥) − 𝑓(𝑥𝑜)∥∥𝑐
≪ 𝑐 whenever ∥∥𝑥 − 𝑥𝑜∥∥𝑐

≪ 𝑡 

ii) (Continuity at zero) For 0 ≪ 𝑐 there is a 0 ≪ 𝑡 such 

that ∥ 𝑓(𝑥) ∥𝑐≪ 𝑐 whenever 𝑥 ∈ 𝑋 and ∥ 𝑥 ∥𝑐≪ 𝑡 

iii) (Continuity at every point) For any 𝑥 ∈ 𝑋 we have: 

Given 0 ≪ 𝑐 there is a 0 ≪ 𝑡 such that ∥ 𝑓(𝑥) −
𝑓(𝑦) ∥𝑐≪ 𝑐 whenever 𝑦 ∈ 𝑋 and ∥ 𝑦 − 𝑥 ∥𝑐≪ 𝑡 

iv) (Uniform continuity) given 0 ≪ 𝑐 there is a 0 ≪ 𝑡 

such that ∥ 𝑓(𝑥) − 𝑓(𝑦) ∥𝑐≪ 𝑐 whenever 𝑥, 𝑦 ∈ 𝑋 and 

∥ 𝑥 − 𝑦 ∥𝑐≪ 𝑡 

v) (Sequential continuity) Given any sequence {𝑥𝑛} ⊆
𝑋 which is convergent to a point 𝑥𝑜 ∈ 𝑋, the sequence 

{𝑓(𝑥𝑛)} ⊆ 𝑌 is convergent to a point 𝑓(𝑥𝑜) ∈ 𝑌 

 

Definition 𝟑 (Yusuf et al., 2020): (Cone bounded map) 

Let 𝑋𝑐 and 𝑌𝑐 be two cone normed spaces and 𝑇: 𝑋𝑐 →
𝑌𝑐 be a linear mapping. Then, 𝑇 is said to be cone 

bounded if there exist an 𝑀 ≥ 0 such that ∥ 𝑇(𝑥) ∥𝑐≤
𝑀 ∥ 𝑥 ∥𝑐 for all 𝑥 ∈ 𝑋𝑐. 

 

Lemma 𝟐 (Yusuf et al., 2020): Let 𝑋𝑐 and 𝑌𝑐 be two 

cone normed spaces and 𝑇: 𝑋𝑐 → 𝑌𝑐  be a linear 

mapping. If 𝑇 is cone bounded, then 𝑇 ∈ ℒ(𝑋𝑐 , 𝑌𝑐). 

Proof: Assume that 𝑇 is cone bounded, then there exist 

𝑀 ≥ 0 such that ∥ 𝑇(𝑥) ∥𝑐≤ 𝑀 ∥ 𝑥 ∥𝑐 for all 𝑥 ∈ 𝑋. 

Let 0 ≪ 𝑐 be given and consider an arbitrary 𝑥0 ∈ 𝑋, 

then we can choose 𝑡 =
𝑐

𝑀
≫ 0 such that ∥∥𝑥 − 𝑥0∥∥𝑐

≪

𝑡 for all 𝑥 ∈ 𝑋. Now, for any 𝑥 ∈ 𝑋 

∥∥𝑇(𝑥) − 𝑇(𝑥0)∥∥𝑐
= ∥∥𝑇(𝑥 − 𝑥0)∥∥𝑐

 since 𝑇 is linear 

≤ 𝑀∥∥𝑥 − 𝑥0∥∥𝑐
 since 𝑇 is cone bounded ,

≪ 𝑀 × 𝑡 = 𝑐

 

Since 𝑥0 was arbitrary, 𝑇 is continuous. 

 

3.0 BIDUAL OF CONE NORMED SPACE 

The dual of a cone normed space was defined by 

(Yusuf et al., 2020) in such away that 

𝑋𝑐
∗

= {𝑓: (𝑋, ∥⋅∥𝑐)
→ (ℝ, | ⋅ |) where 𝑓 is linear and continuous } 

Since ℝ is complete with respect to ∥⋅∥𝑐= | ⋅ |, 𝑋𝑐
∗ is a 

cone Banach space. 

We begin this section by stating some important 

properties of the dual of cone normed space.  

Definition 4: Let 𝑋𝑐 = (𝑋, ∥⋅∥𝑐) be a cone normed 

space, we denote by 𝐵𝑋𝑐
, 𝐵𝑋𝑐

∗ the unit ball of both the 

cone normed space and the dual cone normed space 𝑋𝑐
∗ 

such that: 

𝐵𝑋𝑐
= {𝑥 ∈ 𝑋𝑐: ∥ 𝑥 ∥𝑐≪ 1, with 1 ∈ intP}

𝐵𝑋𝑐
∗ = {𝑓 ∈ 𝑋𝑐

∗: ∥ 𝑓 ∥𝑐≪ 1, with 1 ∈ int 𝑃}
 

respectively. 

 

Proposition 1: Let 𝑋𝑐 = (𝑋, ∥⋅∥𝑐), 𝑋 = (𝑋, ∥⋅∥) be a 

cone normed space and normed space respectively. 

Then, 

𝐵𝑋𝑐
∗ ⊆ 𝐵𝑋∗  

Proof: We need to show that 

i) 𝑓 ∈ 𝐵𝑋𝑐
∗ ⟹ 𝑓 ∈ 𝑋𝑐

∗ 

ii) 𝑓 ∈ 𝑋𝑐
∗ ⟹ 𝑓 ∈ 𝑋∗ and 

iii) ∥ 𝑓 ∥𝑐≪ 1 ⟹∥ 𝑓 ∥≤ 1 

For i) we know by definition that 𝐵𝑋𝑐
∗ = {𝑓 ∈ 𝑋𝑐

∗: ∥

𝑓 ∥𝑐≪ 1, with 1 ∈ int 𝑃}, thus 𝑓 ∈ 𝐵𝑋𝑐
∗ ⟹ 𝑓 ∈ 𝑋𝑐

∗. 

For ii) 𝑓 ∈ 𝑋𝑐
∗ ⟹ 𝑓 ∈ 𝑋∗ because 𝑋𝑐

∗ = {𝑓: (𝑋, ∥⋅
∥𝑐) →(ℝ, | ⋅ |) where 𝑓 is linear and continuous } which 

is also the case in 𝑋∗. 

 

And For iii) since ∥ 𝑓 ∥𝑐= |𝑓| ≪ 1 and ∥ 𝑓 ∥= |𝑓| we 

have that ∥ 𝑓 ∥≪ 1 but ∥ 𝑓 ∥≪ 1 implies that ∥ 𝑓 ∥≤
1. 

For our next result, we first state the following theorem 

which will be useful in the proof. 

 

Theorem 1 (Yusuf et al., 2020):(Hahn-Banach 

Theorem for Cone normed space) Let 𝑓 be a cone 

bounded linear functional on a subspace 𝑀 of a cone 

normed space 𝑋𝑐. Then there exist a cone bounded 

linear functional 𝐹 on 𝑋𝑐 which is an extension of 𝑓 to 

𝑋𝑐 and has the same cone norm ∥ 𝐹 ∥𝑐=∥ 𝑓 ∥𝑐. 

 

Lemma 3: Let 𝑋𝑐 be a cone normed space, for each 

𝑥0 ∈ 𝑋/{0} there exist 𝑓0 ∈ 𝑋𝑐
∗ such that 𝑓0(𝑥0) =

∥∥𝑥0∥∥𝑐
 and ∥∥𝑓0∥∥𝑐

= 1. 

Proof: Let 𝑀 be a subspace of 𝑋𝑐 consisting of all 

elements 𝑥 = 𝛼𝑥0 where 𝛼 ∈ ℝ. Define a linear 

functional 𝑓 on 𝑀 by (𝑥) = 𝑓(𝛼𝑥0) = 𝛼∥∥𝑥0∥∥𝑐
. Then 𝑓 

is cone bounded with cone norm ∥ 𝑓 ∥𝑐= 1, because 

|𝑓(𝑥)| = |𝑓(𝛼𝑥0)| = |𝛼|∥∥𝑥0∥∥𝑐
= ∥∥𝛼𝑥0∥∥𝑐

=∥ 𝑥 ∥𝑐 

https://portal.issn.org/resource/ISSN/3027-1118


 

 

26 

 

IJSGS FUGUSAU VOL10 (1)                                                 WEBSITE: https://fugus-ijsgs.com.ng 

DOI: https://doi.org/10.57233/ijsgs.v10i1.587 

 

 

ISSNp: 2488-9229; ISSNe:  3027-1118 

 

 

Hence, By Theorem (1), 𝑓 has a linear extension 𝑓0 

from 𝑀 to 𝑋𝑐 such that ∥∥𝑓0∥∥
𝑐

=∥ 𝑓 ∥𝑐= 1. Hence 

𝑓0(𝑥0) = 𝑓(𝑥0) = ∥∥𝑥0∥∥𝑐
. 

 

Theorem 2: Let 𝑋𝑐 = (𝑋, ∥⋅∥𝑐) be a cone normed 

space. Then for each 𝑥 ∈ 𝑋𝑐 , ∥ 𝑥 ∥𝑐= sup{|𝑓(𝑥)|: 𝑓 ∈
𝑋𝑐

∗, ∥ 𝑓 ∥𝑐= 1}. 

Proof: If 𝑥 = 0, then the result follows immediately. 

Assume that 𝑥 ∈ 𝑋/{0}. For any 𝑓 ∈ 𝑋𝑐
∗ with ∥ 𝑓 ∥𝑐=

1, 

|𝑓(𝑥)| ≤∥ 𝑓 ∥𝑐∥ 𝑥 ∥𝑐=∥ 𝑥 ∥𝑐 

Hence, sup{|𝑓(𝑥)|: 𝑓 ∈ 𝑋𝑐
∗, ∥ 𝑓 ∥𝑐= 1} ≤∥ 𝑥 ∥𝑐. 

On the other hand, by Lemma (3) there exists 𝑓 ∈ 𝑋𝑐
∗ 

such that ∥ 𝑓 ∥𝑐= 1 and 𝑓(𝑥) =∥ 𝑥 ∥𝑐. Therefore, ∥
𝑥 ∥𝑐= |𝑓(𝑥)| ≤ sup{|𝑓(𝑥)| : 𝑓 ∈ 𝑋𝑐

∗, ∥ 𝑓 ∥𝑐= 1}. 

Hence, ∥ 𝑥 ∥𝑐= sup{|𝑓(𝑥)|: 𝑓 ∈ 𝑋𝑐
∗, ∥ 𝑓 ∥𝑐= 1}. 

Let 𝑋𝑐 = (𝑋, ∥⋅∥𝑐) be a cone normed space. By analogy 

with the notion of the dual of a cone normed space 𝑋𝑐
∗ 

introduced by (Yusuf et al., 2020), we define the set: 

𝑋𝑐
∗∗ = {𝜓: (𝑋𝑐

∗, ∥⋅∥𝑐)
→ (ℝ,
∥⋅∥𝑐) |𝜓 is a linear and continuous } 

Now, for each 𝜓 ∈ 𝑋𝑐
∗∗, if we set 

∥ 𝜓 ∥𝑐= sup{|𝜓(𝑓)|: ∥ 𝑓 ∥𝑐≪ 1, 𝑓 ∈ 𝑋𝑐
∗} 

Then, (𝑋𝑐
∗∗, ∥⋅∥𝑐) is a cone normed space, which will be 

called the bidual of a cone normed space 𝑋𝑐 =
(𝑋, ∥⋅∥𝑐). 

 

Definition 5: Let 𝑋𝑐 = (𝑋, ∥⋅∥𝑐) and 𝑌𝑐 = (𝑌, ∥⋅∥𝑐) be 

two cone normed spaces. A linear mapping 𝑓: 𝑋𝑐 → 𝑌𝑐 , 

is called an isometric isomorphism from 𝑋𝑐 = (𝑋, ∥⋅∥𝑐) 

to 𝑌𝑐 = (𝑌, ∥⋅∥𝑐) if for all 𝑥 ∈ 𝑋, ∥ 𝑓(𝑥) ∥𝑐=∥ 𝑥 ∥𝑐. 

 

Remark 1: 

i) Every isometric isomorphism is a one-to-one 

mapping. 

ii) Two cone normed spaces 𝑋𝑐 = (𝑋, ∥⋅∥𝑐) and 𝑌𝑐 =
(𝑌, ∥⋅∥𝑐) are said to be isometrically isomorphic if 

there exists an isometric isomorphism from 𝑋𝑐 =
(𝑋, ∥⋅∥𝑐) onto 𝑌𝑐 = (𝑌, ∥⋅∥𝑐). 

 

Proposition 2: Let 𝑇: (𝑋, ∥⋅∥) → (𝑌, ∥⋅∥) be a linear 

mapping which is isometrically isomorphic between 

the two normed spaces. If the cone norm is defined by 

∥⋅∥𝑐: = {
∥⋅∥

2𝑛
}

1

∞

 

Then, the linear mapping 𝑇: 𝑋𝑐 → 𝑌𝑐  between the cone 

normed spaces 𝑋𝑐 and 𝑌𝑐 is also isometrically 

isomorphic 

Proof: Let the mapping 𝑇: (𝑋, ∥⋅∥) → (𝑌, ∥⋅∥) be 

isometrically isomorphic. Then, ∥ 𝑇(𝑥) ∥=∥ 𝑥 ∥. We 

want to show that ∥ 𝑇(𝑥) ∥𝑐=∥ 𝑥 ∥𝑐 for all 𝑥 ∈ 𝑋. 

∥ 𝑇(𝑥) ∥𝑐 = {
∥ 𝑇(𝑥) ∥

2𝑛
}  by definition of cone norm 

= {
∥ 𝑥 ∥

2𝑛
}  since ∥ 𝑇(𝑥) ∥=∥ 𝑥 ∥

= ∥ 𝑥 ∥𝑐

 

 

Theorem 3: Let 𝑋𝑐 = (𝑋, ∥⋅∥𝑐) be a cone normed 

space. For each 𝑥 ∈ 𝑋, let 

𝜓𝑥: 𝑋𝑐
∗ → ℝ 

defined by 

𝜓𝑥(𝑓) = 𝑓(𝑥), 𝑓 ∈ 𝑋𝑐
∗ 

Let also 𝜓(𝑋) = {𝜓𝑥: 𝑥 ∈ 𝑋}. Then the following hold: 

1) 𝜓𝑥 is a bounded linear functional and that ∥
𝑥 ∥𝑐= ∥∥𝜓𝑥∥∥𝑐

 

2) 𝜓(𝑋) is a linear space which is algebraically 

closed in 𝑋𝑐
∗∗, and (𝜓(𝑋), ∥⋅∥𝑐) is a cone 

normed space. 

3) (𝜓(𝑋), ∥⋅∥𝑐) is isometrically isomorphic to 

(𝑋, ∥⋅∥𝑐) 

4) (𝜓(𝑋), ∥⋅∥𝑐) is a cone Banach space if 
(𝑋, ∥⋅∥𝑐) is a cone Banach space. 

Proof: 

1) To show that 𝜓𝑥 is linear, pick 𝑥1, 𝑥2 ∈ 𝑋, 𝑓 ∈
𝑋𝑐

∗ and 𝛼, 𝛽 ∈ ℝ. Then 
𝜓(𝛼𝑥1+𝛽𝑥2)(𝑓) = 𝑓(𝛼𝑥1 + 𝛽𝑥2)

= 𝑓(𝛼𝑥1) + 𝑓(𝛽𝑥2)

= 𝛼𝑓(𝑥1) + 𝛽𝑓(𝑥2)

= 𝛼𝜓𝑥1
(𝑓) + 𝛽𝜓𝑥2

(𝑓)

 

Now let 𝑓 be an arbitrary function in 𝑋𝑐
∗ and fix 𝑥 ∈ 𝑋. 

Then 
|𝜓𝑥(𝑓)| = |𝑓(𝑥)| ≤∥ 𝑓 ∥𝑐∥ 𝑥 ∥𝑐 

Hence, 𝑓 is a bounded linear functional. To show that 

∥ 𝑥 ∥𝑐= ∥∥𝜓𝑥∥∥𝑐
, we know by Theorem (2) that ∥ 𝑥 ∥𝑐=

sup{|𝑓(𝑥)|: 𝑓 ∈ 𝐵𝑋𝑐
∗}, but by definition 𝜓𝑥(𝑓) =

𝑓(𝑥), hence ∥ 𝑥 ∥𝑐= ∥∥𝜓𝑥∥∥𝑐
.  

2) Clearly, 𝜓(𝑋) is a linear space, but since 𝜓𝑥 is cone 

bounded by (1) above, hence by Lemma (2) it is 

continuous from 𝑋𝑐
∗ to ℝ, consequently 𝜓𝑥 ∈ 𝑋𝑐

∗∗. 

Therefore, 𝜓(𝑋) is algebraically closed in 𝑋𝑐
∗∗. Thus, 

(𝜓(𝑋), ∥⋅∥𝑐) is a cone normed space. 

3) Let Ψ: 𝑋 → 𝜓(𝑋) defined by Ψ(𝑥) = 𝜓𝑥(𝑓)∀𝑥 ∈
𝑋. The mapping defined is linear since ∀𝑥1, 𝑥2 ∈ 𝑋 and 

𝛼, 𝛽 ∈ ℝ. 
Ψ(𝛼𝑥1 + 𝛽𝑥2) = 𝜓(𝛼𝑥1+𝛽𝑥2)(𝑓)

= 𝛼𝜓𝑥1
(𝑓) + 𝛽𝜓𝑥2

(𝑓)

= 𝛼Ψ(𝑥1) + 𝛽Ψ(𝑥2)

 

The mapping is also an isometry since ∥ Ψ(𝑥) ∥𝑐=
∥∥𝜓𝑥(𝑓)∥∥𝑐

=∥ 𝑥 ∥𝑐 by (1) above. Hence the mapping is 

isometrically isomorphic since Ψ(𝑥) is clearly an onto 

mapping. 

4) Since 𝑋 and 𝜓(𝑋) are isometrically isomorphic, if 𝑋 

is cone Banach space, then 𝜓(𝑋) will also be cone 

Banach space and if 𝜓(𝑋) is cone Banach space, then 

𝑋 will also be cone Banach space. 

https://portal.issn.org/resource/ISSN/3027-1118
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We can now define a canonical embedding of 𝑋𝑐 into 

𝑋𝑐
∗∗. 

 

Definition 6:(Canonical mapping) Let 𝑋𝑐 = (𝑋, ∥⋅∥𝑐) 

be a cone normed space and 𝑋𝑐
∗∗ be its bi-dual. A map 

𝐽𝑐: 𝑋𝑐 ⟶ 𝑋𝑐
∗∗ defined by 

𝐽𝑐𝑥 = 𝜓𝑥 for 𝑥 ∈ 𝑋
 

is called a canonical or natural embedding of 𝑋𝑐 into 

𝑋𝑐
∗∗. 

The above map is linear and preserves the cone norm: 

that is 

∥ 𝑥 ∥𝑐= ∥∥𝜓𝑥∥∥𝑐
= ∥∥𝐽𝑐𝑥∥∥𝑐

 

Definition 7: (Reflexive Cone Normed space) A cone 

normed space (𝑋, ∥⋅∥𝑐) is said to be Reflexive, if the 

canonical embedding 𝐽𝑐 defined above is surjective. 

It is known that a cone metric space 𝑑 on 𝑋 induces a 

topology 𝜏𝑐 which has a sub-basis 𝛽 = {𝐵𝑒(𝑥): 𝑥 ∈
𝑋, 0 ≪ 𝑒} for a topology on 𝑋, where 𝐵𝑒(𝑥) = {𝑦 ∈
𝑋: 𝑑(𝑥, 𝑦) ≪ 𝑒, 𝑥 ∈ 𝑋, 0 ≪ 𝑒}. This topology have 

been proved to be Hausdorff topology. 

Thus, if ∥⋅∥𝑐 is a cone norm on 𝑋. Then, 𝜏∥⋅∥𝑐
 is the 

topology induced by ∥⋅∥𝑐. The family of sets 

𝑉𝑐(0): = {𝑥 ∈ 𝑋: ∥ 𝑥 ∥𝑐≪ 𝑐, 0 ≪ 𝑐} 

forms a fundamental systems of neighborhood of zero 

for 𝜏∥⋅∥𝑐
. Therefore, for all 𝑥 ∈ 𝑋, the sets 𝑉𝑐(𝑥) =

{𝑥 + 𝑉𝑐(0),0 ≪ 𝑐} defines a fundamental system of 

neighborhood of 𝑥. 

 

Definition 8: Let 𝑋𝑐 be a cone normed space and 𝑀 ⊂
𝑋𝑐

∗. The weak topology on 𝑋𝑐 induced by the family 𝑀, 

denoted by 𝜎(𝑋𝑐 , 𝑀) is the weakest topology on 𝑋𝑐 

with respect to which each 𝑓 ∈ 𝑀 is continuous. While 

the weak* topology on 𝑋𝑐
∗ is defined as the weak 

topology generated by 𝑋𝑐 and is denoted by 𝜎(𝑋𝑐
∗, 𝑋𝑐). 

 

Definition 9: Let 𝑋𝑐 be a cone normed space. The 

fundamental system of neighborhood in weak topology 

consists of the set of the form: 

𝑉𝑐,𝑓1,…,𝑓𝑛
: = {𝑥 ∈ 𝑋: |𝑓𝑖(𝑥)| ≪ 𝑐, 𝑖 = 1, … , 𝑛} 

where 𝑓 ∈ 𝑋𝑐
∗, 𝑛 ∈ ℕ and 0 ≪ 𝑐. 

 

Definition 10: Let 𝑋𝑐 be a cone normed space. The 

fundamental system of neighborhood in weak* 

topology consists of the set of the form: 

𝑉𝑐,𝑥1,…,𝑥𝑛
: = {𝑓 ∈ 𝑋𝑐

∗: |𝑓(𝑥𝑖)| ≪ 𝑐, 𝑖 = 1, … , 𝑛} 

where 𝑥𝑖 ∈ 𝑋𝑐 , 𝑛 ∈ ℕ and 0 ≪ 𝑐. 

 

Theorem 4: Let 𝑋𝑐 be a cone Banach space. Then, 𝑋𝑐 

is reflexive if and only if the closed unit ball of 𝑋𝑐 is 

compact in the weak topology. 

Proof: " ⟹ "Assume that 𝑋𝑐 is reflexive. Let (𝑓𝛼)𝛼∈Δ 

be a net in 𝐵𝑋𝑐
∗. But 𝐵𝑋𝑐

∗ ⊆ 𝐵𝑋∗, and by classical 

Alaoglu theorem 𝐵𝑋∗ is compact for the weak topology 

on 𝑋∗, this implies there exist a subnet (𝑓𝛼𝛽)
𝛽∈Λ

 of 

(𝑓𝛼)𝛼∈Δ which converges to 𝑓 ∈ 𝐵𝑋∗ with respect to 

weak*  topology on 𝑋∗. Thus, for 𝑥 ∈ 𝑋 and 𝜖 > 0 

there exist some 𝛽𝑜 such that 𝛽𝑜 ≤ 𝛽 and |𝑓(𝑥) −

𝑓𝛼𝛽(𝑥)| < 𝜖. As a consequence of Theorem (2) we 

have that |𝑓𝛼𝛽(𝑥)| ≤∥ 𝑥 ∥𝑐 for all 𝛽 ∈ Λ, thus |𝑓(𝑥)| <

𝜖 + |𝑓𝛼𝛽(𝑥)| ≤ 𝜖+∥ 𝑥 ∥𝑐 for all 𝛽 ≥ 𝛽𝑜. Hence 

|𝑓(𝑥)| ≤∥ 𝑥 ∥𝑐 which implies that 𝑓 is cone bounded, 

hence continuous. Thus 𝑓 ∈ 𝐵𝑋𝑐
∗ and that 𝐵𝑋𝑐

∗ is 

compact with respect to weak* topology of 𝑋𝑐
∗. But 𝑋 

is reflexive, which implies weak topology coincide 

with weak* topology since both are the weakest 

topology on 𝑋 = 𝑋∗∗ making elements in 𝑋𝑐
∗ 

continuous. Thus, 𝐵𝑋𝑐
 is compact with respect to the 

weak topology of 𝑋𝑐. 

" ⟸ " Assume that 𝐵𝑋𝑐
 is weakly compact. Let 

𝐽𝑐: 𝑋𝑐 ⟶ 𝑋𝑐
∗∗ 

be the canonical embedding of 𝑋𝑐 into 𝑋𝑐
∗∗ we know 

that 𝐽𝑐 is linear and preserves the cone norm, thus it is 

continuous. Thus, also 

𝐽𝑐: 𝑋𝑐(𝜏𝑤) ⟶ 𝑋𝑐(𝜏𝑤∗)
∗∗  

is continuous, where 𝜏𝑤 and 𝜏𝑤 ∗ are weak and weak 

topology respectively. By assumption 𝐵𝑋𝑐
⊆ 𝑋𝑐(𝜏𝑤) is 

compact, so the image 𝐽𝑐(𝐵𝑋𝑐
) is compact in 𝑋𝑐(𝜏𝑤∗)

∗∗ . 

In particular 𝐽𝑐(𝐵𝑋𝑐
) is weak* closed. Thus, 𝐽𝑐(𝐵𝑋𝑐

) =

𝐵𝑋𝑐
∗∗. As a consequence,𝐽𝑐(𝑋𝑐) = 𝑋𝑐

∗∗. Hence 𝑋𝑐 is 

reflexive. 

 

4.0 CONCLUSION 

The bi-dual of cone normed space was studied as an 

extension of the work of (Yusuf et al., 2020) in which 

the dual of cone normed space was studied. Some 

properties in respect of the dual and bi-dual was 

established which allow us to define the reflexivity in 

the setting of cone normed space and proved the 

necessary and sufficient condition for cone normed 

space to be reflexive. 
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